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1. Introduction

L et X be the class of functions of the form

flz)= % + i)anz”,

which are analytic in the punctured unit disc Ey = E \ {0}, where E = {z : |z| < 1}. A function f € X is said
to be meromorphic starlike of order « if f(z) # 0 for z € Eg and

- (Z}(;;U > a, (e <1;z€E).

The class of such functions is denoted by MS*(«) and the class of meromorphic starlike functions is denoted
by MS* = MS*(0).

In the theory of meromorphic functions, many authors have obtained different sufficient conditions for
meromorphically starlike functions. Some of them are stated below:

Kargar et al., [1] proved the following results:

Theorem 1. Assume that f(z) # 0 for Eg. If f € %(p) satisfies

| 1 J;(Z) < pA(B)|b(2)), z € Ky,

U f(z2) (z) +> TF

then f is a p-valently meromorphic strongly-starlike of order B.

Theorem 2. Assume that f(z) # 0 for Eo. If f € X satisfies

(2)7 (55+2) -

then f is meromorphic starlike function of order «.

2
<7,ZE]E0,

V5

Goswamii et al., [2] proved the following results:
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Theorem 3. If f(z) € Xy, n with f(z) # 0 for all z € Ky, satisfies the following inequality

5N (£ va) 4 p-a

for some real values of o (0 < & < p), then f € MS,, ,(a).

(1+1)(p—) _

4 €]E/
V(n+1)2+1

<

Theorem 4. If f(z) € Xy, n with f(z) # 0 for all z € E satisfies the following inequality

L ()

ek,

1 1
fory < 5 then f € MS, , <p+ 7) .

In [3], Sahoo et al., investigated a new class Uy («, A, ), of non-Bazilevic analytic functions by

1= (5i5) oo ()

For different choices of u with & = 1, many authors has studied this class which are included in [4-6].
In this paper, we define above class of non-Bazilevic functions in punctured unit disk and study a differential
inequality to obtain certain new criteria for starlikeness of meromorphic functions.

Z/ln(oc,/\,y)—{feAn: <A,ZEE}.

2. Main results

To prove our main result, we shall make use of following lemma of Hallenback and Ruscheweyh [7].
Lemma 1. Let G be a convex function in E, with G(0) = a and let vy be a complex number, with R(y) > 0. If
F(z) = a+anz" +a, 12" + ... isanalyticin E nd F < G, then

1 /2 1 z
— [ Fw)w" tdw < — / G(w)w%_ldw.
z7 Jo nzn J0

Theorem 5. Let «, B, 5 be real numbers such that o < %, B>0,0<9<1andlet

(B w)2-+a(1-8)]

0< M= M(a,PB,3J) = Ty i) 1)
If f € L satisfies the differential inequality
Y 2'2) _
|(zf(z)> <1+oc+ucf(z) ) 1| < M(a,8,6), z€E, )

then

—R <Z}c;§)> >4,z €E.

Proof. Let us define

(zfl(z)>ﬂ =u(z), z € E.
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Differentiate logarithmically, we obtain

2f(2) ( zu’(z))
=—(1+ : ©)]
f(z) pu(z)
Therefore, in view of (3), we have
u(z) — %zu’(z) <1+ Mz. )
The use of Lemma 1 (tuking v = —5) in (4) gives
yMz
<1+ —7,
u(z) + P
or M
lu(z) —1| < B—a <1,
therefore, we obtain
_ M
lu(z)| > 1 B_a )
.. _2(2)
Write — = (1-9)w(z)+ 6,0 < < 1and therefore (2) reduces to

f(z)
[(1+a)u(z) —au(z)[(1—6)w(z) +6] — 1| < M.

We need to show that R(w(z)) > 0, z € E. If possible, suppose that ®(w(z)) # 0, z € E, then there must exist
a point zg € E such that w(zp) = ix, x € R. To prove the required result, it is now sufficient to prove that

[(1+a)u(zg) — au(zp)[(1 —6)ix + 4] — 1] > M. (6)
By making use of (3), we have
[(1+a)u(zo) — au(zp)[(1 —6)ix+ 6] — 1| > |[1+a(l —5) —a(1l —6)ix]u(zo)| — 1

= I+ &(1 =0 +02(1 — 6222 [u(z0)| — 1
> [1+a(l—0)[|u(zo)| —1

> L+a1-0) (1- 220 ) -12 M )

Now (7) is true in view of (1) and therefore, (6) holds. Hence R(w(z)) > 0, i.e.,

—%(?é?)>&0§5<LzeE

O

2
Remark 1. Let &, 8, d be real numbers such that a < 51 0<dé<1,B>0andif f(z) € X satisfies

() B+ 42) -1

—R (Z]{;S)) >0, z€E.

Letting « — oo in above remark, we get the following result:

(B —w)[2+a(1-9)]
2[1+p(1—-90)]

then
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Theorem 6. Let B, 6 be real numbers such that p > 0,0 < 6 < 1and let f(z) € X satisfy
P / —
< 1 > <1+zf(z)> < 1-6
zf(2) f(z) 1+p(1-9)

—R <Z}(;S>> >4,z E.

then

3. Deductions

Setting B = 1 in Theorem 5, we obtain

2
Corollary 1. Let « and § be real numbers such that o < ST 0 <6 < 1and suppose that f € X satisfies

1
Zf(z)<1+oc+oc

,z€E,

2'2)\ | (-a)@+a(l—0)
f(2)> 1‘< (2 0)

then

—%(1@?>>5JEE

ie, f € MS*(4), z € E.
Writing 6 = 0 in above corollary, we get the following result:

Corollary 2. Let f € ¥ satisfy

(1+a+0E) -1 < B2 ek,

1
zf(z) f(z) 2x

then f € MS*, z € E.
Setting B = 1 in Theorem 6, we get the following result:
Corollary 3. Let 0 be a real number such that 0 < § < 1and let f(z) € X satisfy
1 zf’! (z)> ’ 1-6
1+ —
‘Zf (2) ( f(2)

<25
—R (Z}C;S)) >4, z € E.

Setting 6 = 0 in above corollary, we get the following result:

then

Corollary 4. Let f(z) € X satisfy

1 SO
27(2) (1 e )‘ <2
then f € MS*, z € E.
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