— Open Journal of
N Discrete Applied Mathematics

Atrticle
Direct product of fuzzy multigroups under {-norms

i N
PSR Press

Rasul Rasuli
Department of Mathematics, Payame Noor University(PNU), Tehran, Iran.; rasulirasul@yahoo.com
Received: 10 March 2020; Accepted: 17 March 2020; Published: 27 April 2020.
Abstract: This paper proposes the concept of direct product of fuzzy multigroups under t-norms and some
of their basic properties are obtained. Next, we investigate and obtain some new results of strong upper
alpha-cut, weak upper alpha-cut, strong lower alpha-cut and weak lower alpha-cut of them. Later, we prove
conjugation and commutation between them. Finally, the notion of homomorphism in the context of fuzzy

multigroups was defined and some homomorphic properties of fuzzy multigroups under {-norms in terms
of homomorphic images and homomorphic preimages, respectively, were presented.

Keywords: Fuzzy multigroups, t-norm, direct products, homomorphisms.

MSC: 20N25, 47A30, 03E72, 20K30.

1. Introduction

T heory of multisets is an important generalization of classical set theory which has emerged by violating
a basic property of classical sets that an element can belong to a set only once. The term multiset (mset

in short) as Knuth [1] notes, was first suggested by De Bruijn [2] in a private communication to him. The
concept of fuzzy sets proposed by Zadeh [3] is a mathematical tool for representing vague concepts. The idea
of fuzzy multisets was conceived by Yager [4] as the generalization of fuzzy sets in multisets framework.

The concept of fuzzy multigroups was introduced by Shinoj et al., [5] as an application of fuzzy multisets
to group theory, and some properties of fuzzy multigroups were presented. Ejegwa introduced the concept
of fuzzy multigroupoids and presented the idea of fuzzy submultigroups with a number of results and
more properties of abelian fuzzy multigroups were explicated [6-8]. Also Ejegwa introduced direct product
in fuzzy multigroup setting as an extension of direct product of fuzzy subgroups [9]. In mathematics, a
t-norm (also T-norm or, unabbreviated, triangular norm) is a kind of binary operation used in the framework
of probabilistic metric spaces and in multi-valued logic, specifically in fuzzy logic. A t-norm generalizes
intersection in a lattice and conjunction in logic. The name triangular norm refers to the fact that in the
framework of probabilistic metric spaces f-norms are used to generalize triangle inequality of ordinary metric
spaces. The author by using norms, investigated some properties of fuzzy algebraic structures [10-15]. The
author [15] defined fuzzy multigroups under t-norms and some properties of them are explored and some
related results are obtained.

In this paper, we introduce the concept of direct product of fuzzy multigroups under t-norms (TFSM(G))
and investigate some properties and results about them. We prove that direct products of TFSM(G) are also
TFSM(G). Next we investigate and obtain some new results of strong upper alpha-cut, weak upper alpha-cut,
strong lower alpha-cut and weak lower alpha-cut of direct product of fuzzy Multigroups under t-norms. Later
we prove thatif A,C € TFMS(G) and B, D € TFMS(H) such that A is conjugate to B and C is conjugate to D,
then A x Cis conjugate to B x D. Also A and B are commutative if and only if A x B is a commutative. Finally,
we define group homomorphisms on direct propduct of fuzzy multigroups under t-norms and we prove that
image and pre image of direct propduct of fuzzy multigroups under t-norms is also fuzzy multigroups under
t-norms.

2. Preliminaries

This section contains some basic definitions and preliminary results which will be needed in the sequel.
For details we refer to [15-24].

Open |. Discret. Appl. Math. 2020, 3(1), 75-85; doi:10.30538 / psrp-odam2020.0031 https:/ /pisrt.org/psr-press/journals/odam


https://pisrt.org/psr-press/journals/odam/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/odam

Open ]. Discret. Appl. Math. 2020, 3(1), 75-85 76

Definition 1. Let G be an arbitrary group with a multiplicative binary operation and identity e. A fuzzy subset
of G, we mean a function from G into [0, 1]. The set of all fuzzy subsets of G is called the [0, 1]-power set of G
and is denoted [0,1]°.

Definition 2. Let X be a set. A fuzzy multiset A of X is characterized by a count membership function
CMy: X —[0,1]
of which the value is a multiset of the unit interval I = [0, 1]. That is,
CMu(x) = {p} 4%, .., 0", . JVx € X,

where !, y?, ..., y", ... € [0,1] such that

Whenever the fuzzy multiset is finite, we write

CMa(x) = {p' 1%, .. 1"},

where yl, yz, ., W' € [0,1] such that
or simply

for yi €[0,1]andi=1,2,..,n.
Now, a fuzzy multiset A is given as

A:{CM;:m:xeX} or A={(CMy(x),x):xeX}.

The set of all fuzzy multisets is depicted by FMS(X).

Example 1. Consider the set X = {a,b,c}. Then for CM4(a) = {1,0.5,04}, CM4(b) = {0.9,0.6} and

1,0.5,0.4 0.9,0.
CMy(c) = {0} we get that A is a fuzzy multiset of X written as A = { 0 2’0 , 0 9270 6 } .

Definition 3. Let A, B € FMS(X). Then A is called a fuzzy submultiset of B written as A C B if CM4(x) <
CMp(x) forall x € X. Also, if A C Band A # B, then A is called a proper fuzzy submultiset of B and denoted
as A C B.

Definition 4. Let A € FMS(X) and « € [0, 1]. Then we define the following notions:

A, ={x € X | CMy(x) > 0}.

A* ={x € X | CM4(x) = CMx(ex)} where ex is the identity element of X.
Apy = {x € X | CMa(x) > a} is called strong upper alpha-cut of A.

AEa) = {x € X | CM4(x) > a} is called weak upper alpha-cut of A.

Al = {x € X | CM4(x) < a} is called strong lower alpha-cut of A.

AW = {x € X | CMy(x) < a} is called weak lower alpha-cut of A.

AR N

Definition 5. Let A,B € FMG(X). We say that A is conjugate to B if for all x,y € X we have CM4(x) =
CMg (yxy1).

Definition 6. Let A € FMG(X). We say that A is commutative if CM 4 (xy) = CM4(yx) forall x,y € X.

Definition 7. A t-norm T is a function T : [0, 1] x [0,1] — [0, 1] having the following four properties:
(T1) T(x,1) = x (neutral element),
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(T2) T(x,y) < T(x,z) if y < z (monotonicity),
(T3) T(x,y) = T(y, x) (commutativity),
(T4) T(x, T(y,z)) = T(T(x,y),z) (associativity),
forall x,y,z € [0,1].
We say that T be idempotent if T(x,x) = x forall x € [0,1].

T
T

It is clear that if x; > x, and y1 > y», then T(x1,y1) > T(x2,12).

Example 2. (1) Standard intersection t-norm Ty, (x,y) = min{x, y}.
(2) Bounded sum t-norm Ty (x, y) = max{0,x +y —1}.
(3) Algebraic product t-norm Ty (x,y) = xy.
y ifx=1
(4) Drastic T-norm Tp(x,y) = x ify=1
0 otherwise.
(5) Nilpotent minimum t-norm Ty, p1(x,y) = { min{x,y} ifx+y>1
’ 0 otherwise.

—~2—  otherwise.

0 ifx=y=0
(6) Hamacher product t-norm Ty, (x,y) = xy ey
x+y—xy

The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise largest t-norm:
Tp(x,y) < T(x,y) < Tmin(x,y) forall x,y € [0,1].

Lemma 1. Let T be a t-norm. Then
T(T(x,), T(w,2)) = T(T(x,w), T(1,2)),
forall x,y,w,z € [0,1].

Definition 8. Let A € FMS(G). Then A is said to be a fuzzy multigroup of G under t-norm T if it satisfies the
following two conditions:

(1) CMa(xy) = T(CMa(x),CMa(y)),

(2) CM4(x71) > CMa(x),
forallx,y € G.

The set of all fuzzy multisets of G under t-norm T is depicted by TFMS(G).

Theorem 1. Let A € TFMS(G). If T be idempotent, then for all x € G, we have and n > 1,

(1) CMa(e) = CM4(x);

(2) CMa(x") > CM4(x);

(3) CMy(x) = CMy(x71).
3. Direct product of fuzzy multigroups under {-norms
Definition 9. Let A € TFMS(G) and B € TFMS(H). The direct product of A and B, denoted by A X B, is
characterized by a count membership function

CMAXB :GxXH— [0,1]
such that
CMaxp(x,y) = T(CMa(x), CMp(y))

forallx € Gandy € H.

Example 3. Let G = {1, x} be a group, where x2=1land H = {e,a,b,c} be a Klein 4-group, where a2 =1p? =
¢? = e. Suppose
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A {0.9,0.8, 0.7, 0.6}
1 X

and

4 4 7

B— 1,0.85 0.35,0.25 0.10,0.50 0.8,0.6
o e a b c

be fuzzy multigroups of G and H. Let

GxH=1{(1,e),(1,a),(1,b),(1,¢c),(x,e),(x,a),(x,b),(x,c)}

be a a group from the classical sense. Define

AxB— 0.9,0.8 0.35,0.25 0.10,0.50 0.8,0.6 0.7,0.6 0.35,0.25 0.10,0.50 0.7,0.6
o @a) @D Lo ®me ma) | (xb) (%0

and let Ty, (x, ) = min{x, y} be a standard intersection t-norm for all x, y € [0, 1]. Then
A x B € TEMS(G x H).

Proposition 1. Let A; € TFMS(G;) fori =1,2. Then A1 x Ay € TFMS(Gy X Gy).

Proof. Let (aq,b1), (a2,b2) € Gy X Gy. Then

(CMaxg)((a1,b1)(a2,b2)) = (CMaxg)(a1a2,b1b2) = T(CMa(a1a2), CMp(b112))
> T(T(CMa(a1),CMa(az)), T(CMp(b1), CMp(b2)))
=T(T(CMy(ay),CMp(by), T(CM4(az), CMp(by))
= T((CMaxp)(a1,b1), (CMaxg)(a2,b2)).

Also

(CMaxp)(a1,b1) " = (CMaxp)(a; ', b7)
= T(CMa(a;"),CMp(b; ")) > T(CMa(a1),CMp(b1)).

Thus A; x Ay € TEMS(G; % Gy).
Corollary 1. Let A € TEFMS(G) and B € TFMS(H). Then
A x 1,16 x B € TFMS(G x H).
Corollary 2. Let A; € TFMS(G;) fori =1,2,...,n. Then

A1 X Ag X ... x Ay € TEMS(Gy X Gy X ... X Gp).

Proposition 2. Let A € TFMS(G) and B € TFMS(H) such that T be idempotent t-norm. Then for all & € [0,1] the

following assertions hold:
(1) (A X B)y = Ax X Bs.

(2) (A x B)* A* X B*.

(3) (A X B)[“] a [ ]
(4) (A x B)(y) A(a) X B(g).
(5) (AxB)H A“ x Bl
(6) (A x B)@W = A®) x B(®),
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Proof. (1) We know that (A x B), = {(x,y) € Gx H| CMaxp(x,y) > 0}. Then (x,y) € (A X B), <
CMAxg(x,y) >0« T(CMA(X),CMB(y)) >0« T(CMA(X),CMB(]/)) >0 = T(0,0) <:CMA(X) >
0and CMp(y) >0<«<x € A andy € B, <(x,y) € A« x B,.Hence (A X B), = A, X B,.

(2) As (AxB)* = {(x,y) € Gx H|CMaxp(x,y) = CMuaxp(eg,eq)} so (x,y) € (A x B)* «
CMaxp(x,y) = CMaxg(eg,en) < T(CMa(x),CMp(y)) = T(CMal(eg), CMp(en)) < CMu(x) =
CMy(eg) and CMp(y) = CMp(ey) <x € A* and y € B* < (x,y) € A* x B*. Thus (A x B)* = A* x B*.

() Let (A x B)(y) = {(x,y) € Gx H | CMaxp(x,y) > a}. Now (x,y) € (A X B)jy) =CMaxp(x,y) > a <
T(CMa(x),CMp(y)) > « <:T(CMA(x),CMB(y)) >a = T(aa) =CMy(x) > wand CMp(y) > a <
X e A[ a) and]/ € B[lx] (x y) ["‘] X B[a] Thus (A X B)[zx] A[lx] X B[a]'

(4) Since (A x B) ) = {(x,y) € G X H | CMaxp(x,y) > a}, 50 (x,y) € (A X B) ) <=CMaxp(x,y) > a <

T(CMa(x), CMB(y)) >a <=T(CMa(x),CMp(y)) > a = T(a,a) <:CMA(x) > aand CMp(y) > a <
xGA(a)andyEB() ( ]/) ()XB(,X) SO(AXB)() A() (zx)

(5) Because (A x B)lY = {(x,y) € G x H| CMa,g(x,y) < a}, then (x,y) € (A x B)[Y =CMz,p(x,y) <
w <=T(CMy(x),CMz(y)) < a(x,y) € (Ax B)®) =CM,p(x,y) < a <T(CMu(x),CMp(y)) < o <
T(CMa(x),CMp(y)) < a = T(x,a) <=CMa(x) < aand CMp(y) < a <=T(CMa(x),CMp(y)) < a =
T(x,&) <= CMa(x) < aand CMp(y) < a =x € AWM andy ¢ Bl < < (x,y) € Al x Bl* Therefore
(A x B)ld = Ald] B[IX]

(6) Because of (A x B)®) = {(x,y) € G x H|CMu,p(x,y) < a}, then (x,y) € (Ax B)® <«
CMaxp(x,y) < « <:T(CMA( ),CM5p(y)) < a <= T(CMa(x),CMp(y)) < a = T(x,a) <= CMu(x) <
wand CMp(y) < a <=x € AW and y € B®W < (x,y) € A® x B@W Hence (A x B)® = AW x Bl®),

O

Proposition 3. Let A € TFMS(G) and B € TFMS(H) such that T be idempotent t-norm. Then for all (x,y) €
G X H the following assertions hold:

(1) CMAXB(EG/eH) Z CMAxg(x,y),

(2) CMaxp((x,y)") = CMaxp(x,Y),

(3) CMaxp(x,y) = CMaxp(x~ 1,y ).

Proof. Using Proposition 1 we get that A x B € TFMS(G x H). Now Theorem 1 gives us that assertions are
hold. O

Proposition 4. Let A € TFMS(G) and B € TFMS(H) such that T be idempotent t-norm. Then for all & € [0, 1] the
following assertions hold:

(1) (A x B), is a subgroup of G x H,

(2) (A x B)* is a subgroup of G x H,

(3) (A X B) |y is a subgroup of G x H,

(4) (A X B) 4 is a subgroup of G x H.

Proof. (1) Let (x1,y1), (x2,42) € (A X B)4. We need to prove that (x1,y1)(x2,¥2) ! € (A x B)s.
As (x1,11), (x2,12) € (A X B)x, 50 CMaxp(x1,y1) > 0and CM 4« p(x2,y2) > 0.
Now

CMaxp((x1,y1) (x2,42) ) = CMaxp((x1,51) (x3 1, y3 )
= CMAXB(xlxz 1y ) = T(CMa(x1x5 1), CMp(y1y, 1))
T(T(CMa(x1),CMa(x3 1)), T(CMp(y1), CMp(y; 1))
T(T(CMa(x1),CMa(x2)), T(CMp(y1), CM5p(y2)))
T(T(CMa(x1),CMg(y1)), T(CMa(x2), CMp(y2)))
T(CMaxp(x1,y1), CMaxp(x2,¥2)) > T(0,0) =0.

Thus CMAXB((Xl,yl)(Xz,yz)_l) > 0, which means that (x1,y])(x2,y2)_l € (A X B)*. Hence (A X B)* is
a subgroup of G x H.
(2) Let (x1,v1), (x2,y2) € (A x B)4. We need to prove that (x1,y1)(x2,y2) "' € (A x B)*.
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Because (x1,y1), (x2,42) € (A x B)* then CMaxp(x1,11) = CMaxp(x2,y2) = CMaxp(eg,en), which
means that T(CMA(Xl),CMB(]/l)) = T(CMA(Xz),CMB(]/z)) = T(CMA(EG),CMB(eH)), SO CMA(Xl) =
CM4(x2) = CMa(eg) and CMu(y1) = CMa(y2) = CMy(en). Thus

CMaxp((x1,y1)(x2,2) ") = CMaxp((x1,51) (x5, 5 1))
= CMAXB(xlxz 15 ) = T(CMa (125 1), CMp(y1y, 1))
T(T(CMa(x1),CMa(x; 1), T(CM(y1), CMp(y; 1))
T(T(CMa(x1),CMa(x2)), T(CMpg(y1), CMp(y2)))
= T(T(CMA(EG)/CMA(EG)) T(CMg(en), CMg(en)))
= T(CMau(eg),CMg(en)) = CMaxp(ec,en)
> CMAxg((xl,yl)(xz,yz)fl). (Proposition 2(1))

Thus CMAXB((Xl,yl)(Xz,yz)_l) = CMAxg(eG,eH), SO (Xl,y1)(X2,y2)_l e (A X B)*. Hence we obtain
that (A x B)* is a subgroup of G x H.
(3) Let (x1,11), (x2,y2) € (A X B)|,). We need to show that (x1,y1)(x2,2) "1 € (A x B) -

As (x1,1), (x2,¥2) € (A X B) [y 50 CMaxp(x1,y1) = a and CMaxp(x2,y2) =
Now

CMaxp((x1,y1)(x2,2) ") = CMaxp((x1,51) (x5, 5 1))
= CMAXB(xlxz 15 ) = T(CMa (125 1), CMp(y1y, 1))
T(T(CMa(x1), CMa(x; 1), T(CM(y1), CMp(y; 1))
T(T(CMa(x1),CMa(x2)), T(CMp(y1), CMp(y2)))
T(T(CMa(x1),CMp(y1)), T(CMa(x2), CMp(y2)))
T(CMaxp(x1,y1),CMaxp(x2,y2)) > T(a, &) = .

Thus CMaxp((x1,y1)(x2,y2) ') > a which means that (x1,y1)(x2,y2) ! € (A x B)|y- Hence (A x B)y
is a subgroup of G x H.
(4) If (Xl,yl), (XZ,yz) € (A X B)(IX)/ then CMAxg(xl,yl) > a and CMAXB(JCz,yz) > . Now

CMaxp((x1,y1) (x2,42) ) = CMaxp((x1,51) (x; L, y3 )
= CMAxB(Xlxz 1y ) = T(CMa(x1x5 1), CMp(y1y, 1))
T(T(CM4(x1), CMa(x; 1)), T(CMp(y1), CMs(, 1))
T(T(CMa(x1),CMa(x2)), T(CMp(y1), CMp(y2)))
T(T(CMa(x1),CMg(y1)), T(CMa(x2), CMp(y2)))
T(CMaxp(x1,y1), CMaxp(x2,y2)) > T(a, ) = a.

Thus CMaxp((x1,y1)(x2,y2) ™) > & which means that (x1,y1)(x2,y2) "' € (A x B) (- Hence (A x B)(y)
is a subgroup of G x H. O

Proposition 5. Let A € TFMS(G)and B € TFMS(H).If A x B € TEMS(G x H), then at least one of the following
statements hold:

(1) CM3g(e)) > CMa(x) forall x € G,

2) CMy(eg)) > CMg(y) forally € G.

Proof. Suppose that none of the statements holds, then we can find 2 € G and b € H such that CMy4(a) >
CMg(ey) and CMp(b) > CM4(eg). Now

CMaxp(a,b) = T(CM4(a), CMp(b))
> T(CMg(en),CMaleg))
= T(CMax(eg),CMp(ey)) = CMaxg(eg,en) -
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Thus CMaxp(a,b) > CMaxp(ec,eq), which is contradiction with Proposition 2(1), hence at least one of
the statements hold. O

Proposition 6. Let A € FMS(G) and B € FMS(H) such that A x B € TFMS(G x H) and CM4(x) < CMjp(ey)
forall x € G. Then A € TEFMS(G).

Proof. As CMy(x) < CMp(ey) for all x € G, so CMa(y) < CMg(ey) and CMu(xy) < CMp(ey) =
CMpg(egey) for all y € G. Then

CMa(xy) = T(CMa(xy), CMg(enen))

= CMaxp(xy, egeq)

= CMaxp((x,en) (v, en))

> T(CMaxp(x,en), CMaxp(y, en))

= T(T(CMa(x),CMg(en)), T(CMa(y), CMg(en)))
= T(CMa(x),CMa(y))-

Thus
CMyu(xy) = T(CMa(x),CMa(y)).

Also since CM 4 (x) < CMpg(ey) forall x € G so CM4(x~1) < CMg(ey). Thus

x),CMa(en)) = CMa(x)
and then CM 4 (x~1) > CM4/(x). Therefore A € TFMS(G). O

Proposition 7. Let A € FMS(G) and B € FMS(H) such that A x B € TFMS(G x H) and CMg(x) < CM4(eg)
forall x € H. Then B € TFMS(H).

Proof. The proof is similar to Proposition 6. O

Corollary 3. Let A € FMS(G) and B € FMS(H) such that A x B € TEMS(G x H). Then either A € TFMS(G)
or B € TEMS(H).

Proof. Using Proposition 5 we get that CMp(epr)) > CMu(x) for all x € G or CMy(eg)) > CMp(y) for all
y € G. Then from Proposition 6 and Proposition 7 we have that either A € TFMS(G) or B€ TFMS(H). O

Proposition 8. Let A,C € TFMS(G) and B,D € TFMS(H). If A is conjugate to B and C is conjugate to D, then
A x Cis conjugate to B x D.

Proof. As A is conjugate to B so CMy(x) = CMc(gxg~') and as B is conjugate to D so CMp(y) =
CMp(hyh~!) forall x,¢ € G and y,h € H. Now

CMaxp(x,y) = T(CMu(x),CMgp(y))
= T(CMc(gxg™ "), CMp(hyh™"))
= CMcxp(gxg ™' hyh™")
= CMcxp((8m)(x,y) (g~ h™ )
= CMcyp((g, ) (x,y) (g, 1) 7).



Open ]. Discret. Appl. Math. 2020, 3(1), 75-85 82

Thus CMaxg(x,y) = CMcxp((g,h)(x,y)(g,h) ') which means that A x C is conjugate to B x D. O

Proposition 9. Let A € TFMS(G) and B € TFMS(H). Then A and B are commutative if and only if A x B is a
commutative.

Proof. Let x1,iy; € G and x5,y € H such that x = (x1,x) € Gx Hand y = (y1,y2) € G x H. Let A and B
are commutative then CMy4 (x1y1) = CMa(y1x1) and CMp(x2y2) = CMp(y2x2). Which implies

CMaxp(xy) = CMaxp((x1,%2)(y1,42))
= CMu(x1y1, X212)
= T(CMa(x11), CMg(x2y2))
= T(CMa(y1x1), CMp(y2x2))
= CMaxp(y1%1,Y2%2)
= CMaxp((y1,y2)(x1,x2))
(v

=CMauxsp )
Thus CM4«g(xy) = CMaxp(yx) and then A x B is a commutative.
Conversely, suppose that A x B is a commutative.  Then CMaxp(xy) = CMaxp(yx)

CMaxp((x1,%2)(y1,¥2)) = CMaxgp((y1,y2)(x1,%2)) < CMaxgp(xiy1,x2y2) = CMaxp(y1x1,y2%2)
T(CMA(X1y1),CMB(ny2)) = T(CMA(]/1X1), CMB(yzxz)) <:CMA(X1y1) = CMA(ylxl) and CMB(Xzyz)
CMgp(y2x2) which gives us that A and B are commutative.

onf

Definition 10. Let G x H and I x | be groups and f : G x H — I x | be a homomorphism. Let A x B €
FMS(G x H)and C x D € FMS(I x ). Define f(A x B) € FMS(I x J) and f~!(C x D) € FMS(G x H) as:

u — ()Y if FL3,
F(CMarg) (1)) = (CMyas) o) :{ sup{CMaxp(g,h) | g € G he H, f(gh) (,J)(}; oftflerv(vils]g # @

and
f 1 (CMcxp(8,h)) = CMp1(cypy(8.h) = CMcxp(f(g h))

forall (g,h) € G x H.

Proposition 10. Let G x H and I x | be groups and f : G x H — I x ] be an epimorphism. If A € TFMS(G),B €
TFMS(H)and A x B € TFMS(G x H), then f(A x B) € TFMS(I x ]).

Proof. (1) Let X = (i1,/1) € I x Jand Y = (ip,j») € I x ] such that

FUXY) = F (i, 1) (2, 2) = £ Hivia, jij2) # D

Then

f(A X B)(XY) = f(A x B)((i1,j1)(i2, j2))
= f(A x B)(i1i2, j1j2)
= sup{CMuxp(g182, 1h2) | §1,82 € G, h1, hy € H, f(g182, hih2) = (i1i2, j1j2)}
= sup{CMaxp (8182 Mh2) | 81,82 € G, h1,h2 € H, (f(8182), f(h1h2)) = (i1i2, j1j2) }
= sup{CMaxp(8182, h1h2) | §1,82 € G, h1,hy € H, f(g182) = i1iz, f(ha) = jij2}
= sup{T(CMx(8182), CMg(h1h2)) | g1,82 € G, h1,hy € H, f(8182) = inia, f(h1h2) = jijo}
= sup{T(CM4(8182), CMp(h1h2)) | 1,82 € G, h1,hy € H, f(182) = inia, f(mh2) = 2}
> sup{T(T(CMa(81),CMa(82)), T(CMp(h1),CMp(h2))) | f(g182) = iri2, f(h1h2) = fujo}
= sup{T(T(CMa(g1),CMg(h1)), T(CMa(g2), CME(h2))) | f(8182) = iriz, f(h1h2) = faja}
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= sup{T(T(CMa(g1),CMp(h1)), T(CMa(g2), CMg(h2))) | f(81) = i1, f(82) = i2, f(1) = ja, f(h2) = jo}
= sup{T(CMaxp(81,1), CMaxp(82,h2)) | f(g1) =11, f(g2) =2, f(m1) = ju, f(h2) = jo}

= T(sup{CMaxg(g1, 1) | f(g1,71) = (i1, j1)}, sup{CMaxp(82, h2) | f(g2,h2) = (i2,j2)})

= T(f(A x B)(i1,j1), f(A x B)(i2, j2)) = T(f(A x B)(X), f(A x B)(Y)).

Thus
f(A X B)(XY) = T(f(A x B)(X), f(A x B)(Y)).

(2) Let X = (i,j) € I x ] then

FAXB)(X™Y) = f(AxB)((i,j)™")
f(AXxB)(i 1]_1)
= sup{CMa,p(g” ", h ") |g€GheHf(g ", h!) =
sup{CMa.p(g~ ", h"") g€ G he H (f(g") f(h"
sup{CMaxp(g~",h"") |g€GheHf(g ") =i
sup{T(CMa(g™"),CMp(h™")) g€ G he H f(g7 ") =i ', f(h") ="}
(
(
(
)

[ AVAR

C
sup{T(CM4(g),CMp(h)) |g€ G he H f(g)=i',f~
sup{T(CMa(g),CMg(h)) | g € G h € H,f(g) =i, f(h) =
= sup{CMaxp(g ) | (§.h) € Gx H,f(g h) = (i,j)}

= f(AxB)(i,j) = f(Ax B)(X)

and then f(A x B)(X~!) > f(A x B)(X). Therefore f(A x B) € TFMS(I x ]). O

Proposition 11. Let G x H and I x | be groups and f : G x H — [ x ] be a homomorphism. If C € TFMS(I),
D € TEMS(J) and C x D € TFMS(I x ]), then f~1(C x D) € TFMS(G x H).

Proof. (1) Let X = (g1,11) € GXx Hand Y = (g2,h2) € G x H. Then

FHCMexp)(XY) = fH(CMewp)((g1,h1) (82, h2))
= 7 ((CMcxp) (182, hih2))
= CMcxp(f(8182,h1h2))
= CMcxp(f(8182), f(Mh2))
= T(CMc(f(glg )),CMp(f(hih2)))
CMc(f(81)f(82)), CMp(f(h1)f(ha)))
) c(f(82))), T(CMp(f(h1)), CMp(f(h2)))
) p(f(m))), T(CMc(f(82), CMp(f(h2)))
1)), CMcxp(f(82), f(h2)))
),CMcxp(f(g2,h2)))
)(82,h2))
).

T( f(&1
> T( (CMc(f(g1)),CM
= T(T(CMc(f(81)), CM
= T(CMcxp(f(g1), f(h
= T(CMcxp(f(g1,1)
T(f ' (CMcxp) (81, 1), f 1 (CMcxp
T(f~ )

Y(CMcwp)(X), f 1 (CMcxp) (Y

Thus
fHCMexp)(XY) 2 T(f 1 (CMexp)(X), £ (CMcxp)(Y)).
(2) Let X = (g,h) € G x H, then

fHCMexp) (X7 = F7H(CMcwp)((g1,h1) ™)
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and then f~1(CMcxp)(X™1) > f1(CMcxp)(X). Thus f~1(C x D) € TFMS(G x H). O
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