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Abstract

The existence of at least three weak solutions is established for a class of quasilinear elliptic
systems involving the (p(x), ¢(z))-biharmonic operators with Navier boundary value conditions.
The technical approach is mainly based on a three critical points theorem due to Ricceri [12].
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1 Introduction

In this paper, we consider the problem of the tpye

Ag(z)u + ep(:r)|u|p(<z)>:22u = AFu(z,u,v) + pGu(z,u,v), =€ Q,
DGy + eq(x) o] 720 = NFy (2, u,v) + pGo(z,u,v), = €Q, (1.1)
u=Au=v=~Av=0, z€0f,

where Q@ c RY(N > 2) is a bounded domain with boundary of class C*. X, > 0 are real numbers.

p(z),q(z) € C°(Q) with max{2, 5} < p~ = inf_gp(z) < p" = sup, 5p(z), max{2, §} < ¢~ <

gt A2y = A Au[P™ 72 Au) is the operator of fourth order called the p()-biharmonic operator,
which is a natural generalization of the p-biharmonic operator(where p > 1 is a constant).

We suppose that F': 2 x R x R — R is a function such that F(-, s,t) is measurable in € for all
(s,t) € R x Rand F(z,-,-)is C*in R x R for a.e.x € Q, F; denotes the partial derivative of F with
respect to s. For G(z, s,t) and e, (z), eq(z), we assume that the following conditions hold:

(G) G : Q x R x R — Ris a Carathéodory function, G(z,-,-) is C' in R x R for a.e.x € Q and
SUp s j<q, 1<y (|Gs (8, 0)| + |G (-, 5,1)]) € L'(Q) for all 6,9 > 0;

(E) ep(x), eq(x) € L=(Q2) and essinfq e, (x), essinfg e, (z) > 0, we denote |lep|lr = [, ep(z)dx
and |[eqll1 = fg eq(z)dz.
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In [10], the authors studied the following super-linear p-biharmonic elliptic problem with Navier
boundary conditions:

{ Agu =g(z,u), z€Q, (1.2)

u=Au=0 x¢€&of.

By means of Morse theory, the authors proved the existence of a nontrivial solution to (1.2) having a
linking structure around the origin under the conditions: & C R" is bounded with smooth boundary,
N >2p+1,¢9g: QxR — Ris a Carathéodory function such that for some C > 0, |g(z,t)] <
C(1+t|r ) forae. z € Qandallt € R11 < q<p = N’Y;p. Moreover, in the case of both
resonance near zero and non-resonance at oo, the existence of two nontrivial solutions was obtained.

In [8,9], the authors considered the following problem:

AZu = M(z,u) + ug(z,u), @€,
u=Au=0 x¢€ 01,

(1.3)

and

D = AFy(z,u,v) + pGo(z,u,v), z € Q, (1.4)

DNZu = AFy(z,u,v) + pGu(z,u,v), x€Q,
u=Au=v=~Av=0 z €09,

By the three critical points theorem obtained by Ricceri [12], they established the existence of three
weak solutions to problem (1.3) and (1.4).

For more results for fourth-order elliptic equations with variable exponent, see [1-2, 18-22] and
the reference therein.

The main purpose of the present paper is to prove the existence of at least three solutions of
problem (1.1). We study problem (1) by using the three critical points theorem by B.Ricceri [12] too.
On the basis of [3], we state an equivalent formulation of the three critical points theorem in [12] as
follows.

Theorem 1. Let X be a reflexive real Banach space; ® : X — R a continuously Gateaux
differentiable and sequentially weakly lower semicontinuous C"* functional, bounded on each bounded
subset of X, whose Gateaux derivative admits a continuous inverse on X*;: ¥ : X — R a C*!
functional with compact Gateaux derivative. Assume that

(1) Hm ) = 00 (P (1) + AW (u)) = oo for all A > 0; and there are r € R and uo,u1 € X such that:

(i) ®(uo) <7 < D(ur);

(iii) inf e 1 ((— o0.0)) (u) > (‘I’(ul)—T)ggzggté:(;‘f)(uo))‘l’(ul).

Then there exists a non-empty open set A C [0, o) and a positive real number p with the following
property: for each A\ € A and every C* functional J : X — R with compact Gateaux derivative, there
exists o > 0 such that for each n € [0, o], the equation

&' (u) + A\ (u) + puJ' (u) =0 (1.5)

has at least three solutions in X whose norms are less than p.
The paper is organized as follows. In section 2, we recall some facts that will be needed in the
paper. In section 3, we establish our main result.

2 Preliminaries

For the reader’s convenience, we recall some background facts concerning the Lebesgue-Sobolev
spaces with variable exponent and introduce some notations used below. For more details, we refer
the reader to [4,7,13-14].
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Set
Cy() ={h: heC(Q) and h(z) > 1forall z € Q}.

For p(x) € C+(Q), define the space

LP™)(Q) = {u| u is a measurable real-valued funcion, / lu(z) [P dz < oo}
Q
We can introduce a norm on L?(®)(Q) by
oy = int (A > 0] [ | 5P <1y

and (LP™)(Q),] - |()) becomes a Banach space, and we call it variable exponent Lebesgue space.
The W™ P (Q) is defined by

WmrO(Q) = {u € L"7(Q)| Du € L*(Q), |a| < m},

where a is the multi-index and |« is the order, m is a positive integer. W™?(®)(Q) is a special class
of so-called generalized Orlicz-Sobolev spaces. From [5], we know that W™?(*) () can be equipped
with the norm |{|u(|yym.» () (o) @s Banach spaces, where

lullwm.per @ = D 1D ulp)

la]<m

From [4], we know that spaces LP®) () and W™?(*)(Q2) are separable, reflexive and uniform convex
Banach spaces.
When e, (z) satisfies (E), we define

p(z)

ep()

(Q) = {u| u is a measurable real-valued funcion, / ep(2)|u(z)|P™ de < oo},
Q

with the norm

. w(T) p(as
torep o =t >0 [ )| " pde < 1)
then Lf@) () is a Banach space. Now we denote X = X, x X, where X,, = W22 (@)nW?(*)(Q)
and X, = W4 (Q) n Wy ™) (), where W, P™) (Q) denotes the closure of C§°(2) in WP (),
so does W, *")(Q). For any u € X,, define

||U||ep 1nf{)\ > 0‘/ | ‘p(w) +e ( ) u()\x) |p(oc)d$ < 1}.

Then it is easy to see that X,, endowed with the above norm is also a separable, reflexive Banach
space.

Remark 1. According to [17], || - [[y2.p(a) () IS €Quivalent to [A - [, in Xp. Consequently, the
norms || - [lyy2.p(e) () |2 « [p(z) @nd ||ulle, are equivalent.
. In the following, we will use || - ||, {0 instead of | - [l2.p() () ON Xp. Similarly, we use || - ||, to
instead of || - ||y 2.a(x) () ON Xg-

Proposition 1.(see [4,13]) The conjugate space of L") () is L*"*)(Q). For any u € L*®)(Q)
andv € L*’®)(Q), we have

1 1
wo|de < (— + U p() V)0 () < 2|8 i) V] 00 () -
[ fuvld < (po),n oo ltlyoce) < 2l ol

Proposition 2.(see [4,13]) If we denote p(u) = [, |ul""dz, Yu € LP™)(Q), then
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() [ulp(ay < 1= 1;> 1) & plu) < 1(= 1;> 1);
. - +
(i) Julp() > 1 = fulyy < p(u) < Julfe);

(i) [ul () — 0(00) & plu) = 0(c0).
From Proposition 2, the following inequalities hold:

i _
[ulp) < 1= |u|5(m) < p(u) < |u|5(m)?

p+

lull?, < /Q | Au(@) " + ep (@) u(@)["Vde < |ullZ, , i fulle, > 1;

+ - .
ull?) < /Q | ()P + ep (@) u(@) PP de < |Jull?,, if [Julle, < 1.

(2.1)

(2.2)

Proposition 3. IfQ c R” is a bounded domain, then the imbedding X, — C°(Q) is compact

whenever § < p~.

Proof. It is well know that X, < WP (Q) N W," (Q) is a continuous embedding, and the
embedding W7 (Q) N W, * () — C°(Q) is compact when & < p~ and Q is bounded. So we

obtain the embedding X, — C°(Q) is compact whenever § < p~.0
From now on, the space X will be endowed with the norm

12[l = llulle, + [[vlle,, forany z = (u,v) € X.

Then X is a separable and reflexive Banach space. Naturally, we denote X* by the space (X, x X,)*,

the dual space of X.

From Proposition 3, we know that when p~, ¢~ > &, the embedding X — C°(Q) x C°(Q) is

compact, and there exists a positive constant ¢ such that

[2lloe = lltlloc + lvlloo = sup [u(z)[ 4 sup [v(z)| < cf|z].
e} zEQ

3 Main Result

We define ®,¥,J: X — Rby
) = [ AU + ey ule) P
Q p(as)

L v(2)]9® + eq(z)v(2)]9®))dz
+ [ 5 180@) " + eyfa)o@) "),

U(z) = —/ F(x,u,v)dz,
Q
J(z)=— [ G(z,u,v)dz.
(2) /Q (z,u,v)dx
Then for any (¢,n) € X,
(®'(2),(¢,m) = / | AP 72 AuNC + e () |ulP ™ 2ulda
Q

+ / | AT =2 AvAD + eq () |v]1®) " 2onda Yz € X,
o

(¥'(2),(¢,m) = —/ﬂFu(%uw)de—/QFU(m7u,v)77d;c, Vz e X.

(2.3)

(3.1)

(3.2)

(3.3)
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(V@) = = [ Guleuo)sds— [ Gulouonds, Ve X.
Q Q
We say that z = (u,v) € X is a weak solution of problem (1.1) if for any (¢,n) € X

(W' (2), (¢, m) + A(¥'(2), (C,m) + (] (2), (¢, ) =

Thus, we deduce that =z € X is a weak solution of (1.1) if z is a solution of (1.5). It follows that we
can seek for weak solutions of (1.1) by applying Theorem 1.

We first give the following result.

Lemma 1. If ® is defined in (3.1), then (®')~' : X* — X exists and it is continuous.

Proof. First, we show that @' is uniformly monotone. In fact, for any ¢, € R, we have the
following inequality (see[6]):

(CP=2C — [P 2n)(C — 1) > = |C — ", p > 2.

Z 5
Thus, we deduce that
. + -
(@' (21) — ®'(22),21 — 22) > min{— 2p+ , 2q+ Hmin{|lu; — uQng s lur = uQHSP }
+min{|lv: — v2||eq lvr = o212, 1),

for any z1 = (u1,v1), 22 = (u2,v2) € X, i.e.,®" is uniformly monotone.
From (2.1),(2.2), we can see that for any z € X, we have that

- , PR
(@'(2),2) _ min{|lullz, ,[ulz, } + min{|lv]Z, , [v]|2, }
[E I llulle, +1vlle,

For p~,q~ > 2, that's meaning &' is coercive on X.

By a standard argument, we know that ®’ is hemicontinuous. Therefore, the conclusion follows
immediately by applying Theorem 26.A[16].0

To obtain our main result, we assume the following conditions on F(z, s, t):

(A1) There exist d(z) € L'(2) and 0 < ¢ < p~, 0 < 7 < ¢~ such that

F(z,s,t) < d(@)(1+|s" + [t]7)

fora.e.x € Qand (s,t) € R X R;
(A2) F(z,0,0) =0fora.e.x € Q;
(A3) There exist s1,t1 € R with |s1], [t1| > 1 such that

llepll1 HE H1
( PR+ q x, 81,t1 d
meas(2) sup F(z,s,t) < pm i fQ“ i
(2, s],1t]) €2 X [0,ckp] X [0,ckq] %\ 1|P+ +%\t1|q+

where cis given in (2.3) and

+ +
P lleqlly P el =
kp = max{(lle, |1 + qﬁ )7+ (llepll + qf )}
=

}-

(A3) F(z,s,t) > 0forany z € Q and |s| or |¢| large enough, and there exist M, N > 0 such that

+
q" llepll L el
kq = max{( pf + lleqll1) ¥ ( pe B+ legll) @

F(z,5,t) <0, € Q,[s| < M,[t] < N;

Then we have the following main theorem.
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Theorem 2.Assume (A1),(A2),(A3)(or (A3) ),(G) and (E) hold. Then there exist an open interval
A C [0,00) and a positive real number p with the following property: for each A\ € A, there exists
o > 0 such that for each n € [0, 0] , problem (1.1) has at least three weak solutions whose norms are
less than p.

Proof. By the definitions of ®, ¥, J, we know that ¥’ is compact, ® is weakly lower semi-
continuous and bounded on each bounded subset of X. From lemma 1 we can see that (&')~*
is well defined, from condition (G), J is well defined and continuously Gateaux differentiable on X,
with compact derivative. Then we can use Theorem 1 to obtain the result. Now we show that the
hypotheses of Theorem 1 are fulfilled.

Thanks to (A1), for each A > 0, one has that

lim @(z) + A¥(z) = o0,

Izl =0

and so the assumption (i) of Theorem 1 holds.

Now we consider in two cases:
Case (i): (A3) holds, i.e., there exist 1 < |s1], |t1]| such that (3.4) hold.

Now we set zp = (0,0), 21 = (s1,s1) and denote r = % + % > 0, then it is easy to see
that

D(z1) >r > 0= P(20).
Thus, (i) of Theorem 1 is satisfied.
At last, by (A2) we know ¥(z) = 0, then

(@(21) = )W (20) + (r — P(20))¥(21)
D(z1) — P(20)

F(x,s1,t1)dx
- riézli < mf” ( n 1‘)+ . (3.5)

“ B ey |y 4 127 e )

On the other way, when ®(z) < r, we have
. + - . + -
min{|lull?, , ull?, } <rp™, min{|jol2, , v]Z, } <rg".
We deduce that .
[ulle, <max{(rp®)»T, (rp*)»~}
and
\F =
[vlley, < max{(rg™)s", (rq")a" }.

Forr = —”‘;ﬁ”l + —”‘;‘ﬂl , then we have

lulle, < kp, lvlleg < kg
By (8), we obtain

[ulloe < ckp, ||v]loc < ckq.

Thus, from (3.2), we have
— inf U(z) = sup —U(z)
z€271((—o0,r]) 2€®—1((—o0,r])
< / sup F(z,u,v)dz
Q (Jul,|v])€[0,ckp] x[0,ckq]
< meas(Q) sup F(x,u,v) (3.6)

(@;|ul;|v])€Q2x[0,ckp] x[0,ckq]

From (3.4)-(3.6) and the definition of r, we can see (iii) of Theorem 1 is hold.
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Case (ii): (A3)’ holds. Then there exist |s2|, |t2| > 1 such that F(z, s2,t2) > 0 for any z € Q and
[s2P [leplls > 1, |t2]? |leqlls > 1. Set a = min{c, M}, b = min{c, N} then we have

/ sup F(z,s,t)de <0< / F(z,s2,t2)d. (3.7)
( Q

Q (Is],|t))€[0,a] x[0,b]

We denote z2 = (s2,t2) and r = min{p%(%)“, q%(—) }. Then it is easy to see that

D(z2) > 1 > D(20).

So, (ii) of Theorem 1 is satisfied.
When &(z) < r, similar to the above arguments, we obtain that

ullo < a, [Jv]lec < 0. (3.8)
At last, we see that

(P(22) = 1)¥(20) + (1 — P(20))¥(22)
O(22) - ‘I’(ZO)

x, S2,t2)dx

= T\II(ZQ) < -—r fQ 22 0 (3.9)
) T ey + 125 gy
From (3.2) and (3.7), we have
— inf P(z) = sup —U(z)
z2€® 1 ((—o0,r]) 2€®d—1((—o0,7])

< / sup F(z,u,v)dzx <0. (3.10)

Q (Jul,|v])€[0,a] x[0,b]

From (3.9) and (3.10), we can see (iii) of Theorem 1 is still hold.

Then all the hypotheses of Theorem 1 are fulfilled. By Theorem 1, we know that there exist an
open interval A C [0, c0) and a positive constant p such that for any A\ € A, there exists o > 0 and for
each p € [0, 0], problem (1.1) has at least three weak solutions whose norms are less than p.O

By using Theorem 2, we have the following result.

Corollary 1. Let f,g Q x R — R be Carathéodory functions, sup,. <, 19(-,¢)| € LY(Q) for all
s > 0, and define F(x,t) fo x,y)dy forany (z,t) € Q x R, e(x) € L>(2) and essinfq e(x) > 0.
Assume the following condmons hold.

(B1) There existd(z) € L*(Q) and 0 < ¢ < p~ such that

Fa,t) < d(z)(1+[t]°)

fora.e.x € Qandt € R;
(B2) There exists ts € R with |ts| > 1 such that

meas(2) sup F(z,s) < —/—=*————— | (3.11)
(@,]s]) €QX[0,ck] Pt JtalPt
where ¢ = sup,¢ x,\ 10} HuHH < 400 and

1 1

k= max{([lel[1) 7", (lell) »~ };

or
(B2) F(z,t) > 0 for any z € Q and |t| large enough, and there exist M > 0 such that

Fz,t) <0, z € Q,[t| < M.
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Then there exist an open interval A C [0, 00) and a positive constant p such that for any A € A,
there exists o > 0 and for each p € [0, o], the problem

2 p(x)=2,
{ Ap(z)u+e(:c)|u| u-Af(x,u)-&—ug(azu), S Q7 (312)

u=Au=0, z€oif,

has at least three weak solutions whose norms are less than p.

Remark 2. If we take e(z) = 1in Q, p = 0, and replace p(z)-biharmonic operator by p(z)-
Laplace operator, Corollary 1 becomes a version of Theorem 1 in [15], if we still have f(z,t) =
[t]7®) =2t — ¢ with v(z) € C°(Q) satisfies 2 < v~ < 4+ < p~, the problem was studied in [11] with
Neumann conditions. Hence our Corollary 1 unifies and generalizes the main results in [8,11,15]
to p(z)-biharmonic with Navier boundary value and our Theorem 2 generalizes the main result of
[8,9,11,15] to the system (1).

At last, we give two examples.

Example 1. Let Q = B(0,1) be the unit ball of RN with N > 3, set p(z) = ¥ + €l ¢(z) =
T +1+In(1+27%),ep(2) = (1+2°) = eq(z), G(w,u,v) = 2*(v* + v*) and

ez2(e“+uv7 1), z€Qu<M,v€ER,

F(z,u,v) = 3.13
( ) { 6”2(ueM—|—uv—|—%u2—Mu—(M—l)eM+%M2), reQu>MveR, ( )

where M is a positive constant, i.e., we consider the following problem

Ai(z)“ + (14 22)|uP@ 20 = Af (2, u,v) + p2zu, = €Q,
A yv+ 1+ %) |12y = A+ p22?v, x €Q, (3.14)
u=Au=v=~Av=0, z¢€.

where

612(6“—1-11), z€Qu< MuveER,

)= Pl = 3.15
f(;L"LL'U) (xuv) {612(61M+U+UM)7 xEQ”u>M,'U€R~ ( )

Wecanseethatp™ =5 +e,p” =5 +1,¢" =5 +14+m2,¢ =5 +1,]lef. = 3, and it is easy
to see that for any t; > 1, there exists s; > 1 such that

(e +s1t1 — 1) (5 +1) S e(e™ + Pkyk, — 1)

N N - 1 1
a +e S5 +1+In2 —_— —_——
312 +t12 %+e + %+1+1n2

, (3.16)

1 1
_ (4 4(X+1+mm2) ¥ _ 4 45 +e) N . .
where k, = (5 + BEC = Y2t kg = (5 + 73<%+1+1n2>) 2 ™! are positive constants and c is

given by (2.3). Then when M > s1, F(z,u,v) defined in (3.13) satisfies (A1)-(A3) of Theorem 2, and
G(z,u,v), e(z) satisfy (G) and (E) respectively, by Theorem 2, there exist an open interval A C [0, o)
and a positive constant p such that for any A € A, there exists o > 0 and for each n € [0, o], system
(3.14) has at least three weak solutions whose norms are less than p.

Example 2. Assume Q,p(x), q(x), ep(x), eq(x), G(x,u,v) are the same as in example 1, and
suppose N > 4. Let

F(x,u,v) = (14 22%)(u*v® + v*u® — 20°0%), = € Q,u,v € R. (3.17)
Obviously, F(z, u,v) satisfies (A1) and (A2). By simple computation, we can see that
F(x,u,v) >0, when |u| >V2or|v] >2

and
F(z,u,v) <0, when |u| <1and |v| <1,
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i.e., (A3)" holds for F'(z,u,v) defined in (3.17).
Thus, there exist an open interval A C [0, 00) and a positive constant p such that for any A € A,
there exists o > 0 and for each p € [0, o], the system

Ai(@v + (14 22)[v]1® =2y = A(4v3u? + 2utv — dvu?) + p2z?v, = € Q, (3.18)

Ai(w)u + (1 + 2)|ulP @2y = A(4uv? + 20ty — 4uv?) + p2z?u, x € Q,
u=Au=v=~Av=0, x¢€d

has at least three weak solutions whose norms are less than p.
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