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Abstract

Existence and boundedness of the solutions of the boundary value problem for the four velocity
two dimensional Broadwell model for bounded boundary conditions is proved and exact analytic
solutions are built. An application to the determination of the accommodation coefficients on the
boundaries of a flow in a box is performed.
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1 Introduction

A discrete velocity model replaces the nonlinear integro-differential Boltzmann equation by a set
of semi-linear hyperbolic partial differential equations which leads to quantitative and qualitative
interesting results in the study of several problems of gas dynamics [1, 2, 3, 4]. An advantage of
discrete kinetic theory is the possibility to find exact analytic solutions. Various exact solutions
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have been built for discrete velocity models in the one dimensional case [5, 6, 7, 8]. The situation
is quite different for two dimensional problems even in the steady case. In the pioneering work
[9] the problem of existence of a solution for the two dimensional four velocity Broadwell model
is investigated and the existence of solution proved. In this work, we prove the existence and the
boundedness of the solutions of the boundary value problem and build exact analytic solutions.
The solutions are not unique in general. The paper is organized as follows. In the section 2 we
briefly describe the model, state the boundary value problem and present the main result of the
paper which is proved in section 3. The exact analytic solution are presented in the section 4 and
an application to the determination of accommodation coefficients is performed for a gas flow in a
box in section 5.

2 Statement of the Problem

The steady flow of a gas in a rectangular box is a problem of gas dynamics the modelling of which
can lead to the boundary value problem.

We choose the origin O of the orthonormal reference (O, €1,é>) of R? so that the edges of the box
are located on the lines =0, x = a, y = 0 and y = b, 0 < b < a. The velocities of the Broadwell
model in the basis (€1, €2) are: @1 = ¢(1,0), @3 = ¢(0,1), @41 = —Us, ¢ = 1,3 where ¢ is an arbitrary
positive constant. We denote by N;(t',z’,y’) the number density of particles of velocity #@; in point
M(z',y') at time t'. The N; are continuous functions of ¢, ' and y’. The kinetic equations for this
model [10] are:

Z«){Zl + C;g} = ¢s(N3Ns— N1N2) = Q'(N)
Nf —c—2 = Q(N)
e - / (2.1)
o "oy = TOW
ONy 81%4 /
o oy = T9W

where s is the gas particles collision cross section.

For a steady flow, the boundary value problem has the form:

ON;
8%,
8%,
o,

= 5(N3N4—N1N2) :Q/(N)

(2.2)

oy = Q'(N)
Ni(0,9) = o1(y)
Na(a,y') = ¢a(y)
N3(2',0) = ¢3(a')
Na(z',b) = ¢Lu(z')

The functions ¢}, k = 1,2, 3,4 are non negative.

The main result of the paper is:

Theorem 2.1. The problem (2.2) has bounded solution N = (N1, N2, N3, N4) for bounded boundary
data ¢}, k=1,2,3,4 .
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3 Existence and Boundedness of the Solution

Let N = (N1, N2, N3, N4) the total macroscopic density, p+(N) = Ni+ Nz and p~ (N) = N3 + Ny
the partial densities of particles whose velocities have non zero component respectively on the (O, é1)
and (O, &) axes. We consider for o > 0 the following problem:

Z%IJFUNWWN) = Q(N)+oNipT(N) = QI(N)

é%f+gN2p+(N) = —Q(N)+oN2p™(N) = QI(N)

S ToNspT(N) = —Q(N)+0oNsp™(N) = Q5(N)

aayf‘+oN4p‘(N) = QW) +oNap™(N) = Qi(N) .
N1(0,y) = )

Na(a,y') = ()

Ns(2',0) = ¢5(2')

Na(z',b) = ¢u(a")

Proposition 3.1. The problem (3.1)is equivalent to problem (2.2).

Proof. The system (3.1) is obtained from system (2.2) by adding oN;p* (N) to the two members
of the kinetic equation for N; so the proof is obvious. O

3.1 Existence of solutions of (3.1)

Let J = [0,a] x [0,b]. We denote by C the set of continuous functions defined on J, and by C its
subset of non negative functions. C* and C% respectively denote their cartesian products.

We introduce the following norms:

If 2 = (z',y') € J and M = (My,..., Ma) € C* then [|z]| = |2'| + |y/|, [|Mi]l = supy.<opp | Mi(2)]
and ||M|| = sup;ep || M|, with A = {1,2,3,4}.

Theorem 3.1. The problem (3.1) has a solution which belongs to C% for sufficiently large o-.

For the proof, consider for M € C’i, the following boundary value problem:

Z%} +aNipt (M) = QM)+ oMip* (M) = QF (M)

3]@? T oNopt (M) = —Q(M) +oMap* (M) = QF(M)

Tj” +oNsp™ (M) = —Q(M)+oMzp~ (M) = Q3 (M)

8873/4 +oNap™ (M) = QM)+ oMap~ (M) = QF(M) 32
N1(0,y) = 0

Na(a,y') = #5(y)

Na(a',0) = ¢5(2')

Nay(2',b) = ¢y

Lemma 3.2. The problem (3.2) has for given M € C} an unique solution which belongs to C} for
sufficiently large o..



d’Almeida and Agosseme; JAMCS, 34(4): 1-14, 2019; Article no.JAMCS.53058

Proof. The problem (3.2) is a linear problem associated with (3.1) and it is solved by splitting it
into the two following boundary value problems:

;g}wzvlp*(M) — QM)
e (M) = QM) (3.3)
N1(0,9") = )
Na(a,y') = #(y)
and
Zag;“’wzvsp (M) = Q3(M)
gy toNw (M) = Qi) (3.4)
Na(a',0) = ¢
Na(a',b) = ¢i(a)

the unique solution of (3.2) is given by:

Ni(z',y) = 1) gt (z,y) + Qi’ (5,9")f 1 (2" = 5,9)ds,
0
N2(x/?yl) = d)/Q (y)f+(m _avy/)_/ Qg )(S,y/)f+(l'/—5,y/)d8,
Wisd (3.5)
N3(m,7yl) = S(SL‘/) 97($/7y/)+ 0 Qg(M)(S7y/)f7(l‘/7y/ _5)d87
b ~
Na(z',y') = o4 (x) f (2,9 —b) — QI(M)(z',8)f~ (2',y — s)ds.
with:
gt (@y) =exp (o [3 T (M)(a,y)da), g (@' y) = exp (o [ p~(M)(@', 0)da) o
A — (ot 3.6
f+ (xl —a, y’) = Z+((Z ’5,)) ) f_(‘r/v yl - a’) = gg,((z,’ :'Z))

For sufficiently large o, Q7 is positive Vi € A. Hence as ¢ is positive Vi € A, N;(z',y") > 0,7 = 1,3,
V(z',y') € J and N;(z',y") > 0,1 =2,4V(z',y’) € J if and only if:

a + _
ort0) > S BOD VI E 28D [* a1y, (0 = .0,
Qi@ s @y — ) . (3.7)
o (@) > D /Q4 (@b s)ds.
AsO< ffa—s,9) <1, V¥(s,y)€Jand 0 < f~(z',b—s) < 1, V(z',s) € J we have
S0 QS(M)(s,y") fF(a — 5,9 )ds < asup(,s e, Q5 (M) (3.8)

[ QI(M)(&',8)f~ (&', — s)ds < bsup s e, QF (M)
and it sufficient that ¢4 > asup(, ,ne; Q3 (M) and ¢}y > bsup s 1y QF (M) to have N € C1. O

Thus for o > 0 the operator 7, defined by 7o(M) = N where N is the unique solution of (3.2) is
well defined and satisfies:

Lemma 3.3. 7, is continuous and compact on J.
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Proof. We have T, (M) = N if and only if N is given by the relations (3.6) from which we deduce:

N ) <1 WOlg T @)+ [f QTN (s ) (@ = sy)ds|,

Mo )| < IO —an)| + [T OGN @ =]
Na@ )| <16 @) |9 @) + [ Q5D 9@y = s)ds|

N )| <16 @)l @y Y QUM 5)f (@ - )ds|.

In one hand using the Generalized Mean Value Theorem, as g™ and ¢~ are strictly positive functions,
we can find ¢; € ]0,2'[, c2 € |2, al, c3 €]0,y[ and ¢4 € ]y, b] such that

I QIM)(s,5) [ (@' — s,y)ds = QI(M)(er,y) [ fH (e’ — 5,9/ )ds,
f:,IQS(M)(s,y')fﬂx' —s,y)ds = QF(M)(c2,y) [, [T (2" —s,9)ds, (3.10)
foy Qg(M)(xlv S)fi(mlvy/ - s)ds = Qg(M)(mlv C3) fQ: fi(xg y, - s)d87 .
fyb, QI(M)(z',8)f (', y —s)ds = QT(M)(z',ca) fy, f (@, y —s)ds

In the other hand in accordance with the Mean Value Theorem we can find di € ]0,2'[, d2 € |2’, a],
ds €10,y'[ and d4 € |/, b[ such that:

x/f+(x/ - dl: y/)7

fo/f+ (z' — s,9")ds
(a7$/)f+($/ 7d27y,)7

f f*x — s,y )ds

3.11
fy — y —S)dS — y/.]¢-—(m/7y/_d3)7 ( )
f f 7y —S)dS = (b—y/)f_(a:’,y/ _d4)
Hence letting A" (y') = exp (o [’ p* (s—a,y')ds), A”(a') = exp (a fob p (M) (2, s — b)ds) we
get:
[Nu(z, )] < 1o ()] + QT (M)(cx, )]
N )] < 16 )17 )] + QO (ea, )], 1)
[Na(z',y)| < o5 (2")| + Q5 (M)(a', cs)|, ‘
INa(2',y)| < 1o (2)] |AT (2)] + QT (M) (2, ca)]

since |gi (w',y’)| < 1. From which we infer

ITo DI < maz (€51, [0211ATI, lgsll, €2IIIATI) + Q7 (M)l (3.13)

Thus 7, is continuous and bounded since A%, ¢; and Q7, i € A are continuous and bounded. Hence
if M is bounded then N = 7,(M) is bounded since ||To(M)|| < || 7] - || M||.

Otherwise if N is the solution of (3.2) then Vi € A,

wijfUNiPJ’(M) = QI(M), i=1,2

%Z\,],WUNW(M) = Q{(M), i=3/4
Thus

8N/i = QI(M)—oNipt (M), i=1, 2

%jf = Q7(M)—oNip*(M) i=3, 4
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And
‘Zf;fj < QI(M)+oNipt (M) i=1,2
Gt < @M +oNgt (M) =3
ON; ON;
Thus if M is bounded, e and B are uniformly bounded and it exists « and 8 such that
8.T < ain [0,q]
and 5
N;
‘ oy < Bin [0,b]

Given z1 = (z},y1) € J and 20 = (z5,v3) € J. We deduce from the Mean Value Theorem, that it
exists zo = (x0,90) € [21, 22] C J such that

NZ(Zl) — NZ(ZQ) = dNi(Zo)(Zl — 22)
with
[21, 22 = {z € R?/z = t(z1 — 22) + 22,t € [0,1]}
and O ON
dNi(z0)(h) = 5 “(20)h1 + = (20)h2  Vh = (h1,hs) € R?
x oy
Hence
INi(21) = Ni(22)| = [dNi(z0)(z1 — 22)|
< [ldNi(z0)[lllz1 — 22|l
with
dNi Z
i)l = suppyr )
ON; ON;
o ol + S o
= SUPjnj<1 s
But
IN; ON; ON; ON;
O ot + G Gota| < | S0E| a + | Goo
ON; ON;
< mae (| 5 o | G o) ) al + )
ON; ON;
Thus B:B’( )h1+a/( e < max(aNi(z’) ‘8NZ(Z)>
|h1| + |hal - oz ) oy’ 0
< mazx(a, S

That is ||dN;(20)]

l[21 = 22|l <

< maz(a, ). Then |N;(z1) — Ni(22)| < maz(a, B)]|z1 — 22||. It is sufficient that
to have |N;(z1) — Ni(z2)] < € for all i € A.
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We prove that for all solution N of (3.2):
Ve > 0,3¢ > 0,]|z1 — z2|| <€ = |Ni(z1) — Ni(22)| <€ Vzi, € J

The set of the solutions of (3.2) is thus equicontinuous so 7 is compact on every bounded subset
of C%. O

Lemma 3.4. Every solution of the equation N = XT5(N), 0 < A < 1, is bounded.
Proof. N is a solution of N = A75(N) if and only if

ZQN,WONIN(N) = AQT(N)  (3.14.1)
gﬁ?Jrasz*(N) = AQ3(N)  (3.14.2)
%JrJNap’(N) = AQ5(N) (3.14.3)
%—y,‘#amp*(zv) = AQI(N)  (3.14.4) (3.14)
N1(0,y") = My) (3.14.5)
Na(a,y') = A\h(y) (3.14.6)
Ns(z',0) = Agz(z) (3.14.7)
Na(z',b) = AgL(2)) (3.14.8)

As the partial macroscopic densities p*(N) and p~ (N) are conserved for the Broadwell model,
making the sums (3.14.1) 4 (3.14.2) and (3.14.3) + (3.14.4) , we obtain for their determination the
following system of partial differential equations:

afpt (V)] 2

. 1—A (N = 0 3.15.1
o) + ( )o[p_( )] 2 (3.15.1) (3.15)
5y A =Na[pm(N)]" = 0 (3.15.2)
The unique solution of the system (3.15) is obviously
1
Tl o) —
Py = (1= XNoz' +ht(y)
(3.16)
_ 1
p (=, y)

1= Noy +h @)

The problem (3.14) is a two point boundary value problem and only a part of the data are given
at each boundary namely N1(0,y) on the line ' = 0, N2(a,y’) on the line 2’ = a, N3(z',0) on the
line ¥’ = 0 and Ny(z’,b) on the line y' = b. We thus introduce the positive functions of y', o and
the positive functions of ', a;, k = 0,1 such that

No Eo,y/g — aigylgNl E()’ y,;
Ni(a,y') = of (¥ )Na(a,y
Ny (2',0) = ag(a')Ns(a’,0) (3.17)
Ns (mlv b) = a; (13/)N4(:):/, b)

We emphazise the fact that the relations (3.17) are by no means reflection laws and are obtained
merely by comparing functions of the same variables at the boundaries of the rectangle J and
consequently are general. In the particular case of impermeable boundaries , the vanishing of the
normal velocity on each boundary yields the relations

N2 (0,y) = Ni(0,y) at 2’ =0 Vy' €10,b],

Ni(a,y’) = Na(a,y) at 2’ =a Vy €]0,}], (3.18)
N4 (2',0) = N3(2',0) at ¥ =0 V' €[0,q], ’
N3 (z',b) = Nu(2/,b) at v =b Vi’ €10,q].
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which amount to take off (y') = 1 and o (¢') = 1 V(z',y') € J, k=0, 1.

With the relations (3.17) we can compute the values of p* at the boundaries from which we get:

1 1
At (y) = = o(\—
S whaw) T Trawlee Y 1)
) pap—— = _— +o(—1)
[1+ g ()] A (2) [L+ay (2)] Ay (")
from the systems (3.16) and (3.19) we deduce
prhy) = PR 1 1
N s el 520)
pm(@y) = 1
(1=Aoy’ +

[1+ g (@)] A4 (a)

Thus for 0 < A < 1, p* and p~ are continuous and bounded as ¢}, i = 1,3 and af, k=0,1. The
mean density is thus bounded and so are the number densities N;,Vi € A.

We point out the fact that for A = 1 the solutions p* and p~ of (3.20) are not singular and moreover
satisfy the conservation equations of the partial macroscopic densities. Accordingly they depend
upon one variable. O

Finally we conclude to the existence of solution of problem (3.1) by using the fixed point theorem
of Schaefer [11]:

Theorem 3.5. Let T be a continuous and compact mapping of a Banach space X into itself, such
that the set {z' € X' 2’ = XT'(z")} is bounded VA, 0 < A < 1. Then T has a fized point.

4 Exact Solutions of (3.1)

For A = 1, the densities (3.20) are solutions of the conservation equations of the partial mean
densities p* of the model . Hence pT and p~ are known and we have:

P (N)(y) = (N1 +Na) (y), p~ (N) () = (N3 + Na) ().

Then
{ N2($l7y/) = p+(yl)7N1(mlvy/) (4 1)
Na(z',y') = p(2) = Ns(a',y") '
and the system (3.1) becomes:
4\ 2 N\ 2 ,27 +2
8811,1 = S{<N1—p2) —(N:a—%) +p4p] = Qi(N)
+\ 2 —\ 2 _27 +2
2% - (-2 () o5 - e
No(z',y) = pt(y) — Ni(2',9) (4.2)
Na(z',y) = p (2') = Ns(z',0/)
Ni(0,y) = ()
No(a,y') = ¢a(y)
N3(2',0) = ¢5(z")
Na(z',b) = ¢4(a)
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The boundary value problem for the microscopic densities N;, i = 1,3 is thus:

2 —\ 2 —2 2
aNl__azvg_s[(Nl_,ﬁ) _(N3_L> +pp+]_Ql(N)

ox’ oy’ 2 2 4
N1(0,") = ¢1(y') (4.3)
Ni(a,y') = p*(y') — ¢2(y")
Ns(z',0) = ¢5(z")
Ns(a',b) = p~ (') — ¢a(2’)
+ -
Letting Fy(2',y") = Ni(2',y") — %(y'), F5(z',y) = N3(2',y') — %(ac/) the system (4.3) take the

form:

() (4.4)

The system (4.4) has a simpler form but its exact resolution is complicated. However it permits to
find exact solutions of the problem (4.2) in particular cases.

4.1 Maxwellian solutions

+ (o ('
An obvious solution of system (4.4) is Fi(z',y') = p éy ) and F3(2',y") = # which leads to

() = pT (W), #5(x') = p~ (2'), Q1(F) = 0 and ¢4 = ¢4 = 0. Hence the microscopic densities
N> and Ny are zero and the model is reduced to a two velocity model. This solution is clearly
unphysical.

1 1
The solution Fi(z',y’) = 51/p+2(y’) —de, F5(2',y') = 5 p~2(z') —4ey for ¢; > 0 is also a

maxwellian solution. Hence:

Ni(z',y') = 5 +% pT2(y') — 4cy
No.y) = 201 L) T y
Notw' ) = L4 L o) e Y
Na(z',y') = piéx,)—% p~3(z') — 4c1

Taking into account the boundary conditions, we get:
Pt (y') = dh(y') + da(y')
p~ (") = ¢5(2") + ¢a(a’) (4.6)
c1 = ¢1(y)d2(y’) = ¢3(2")$i(2")
The validity of the third relation (4.6) imposes the dependence of the boundary data in the form:
¢2(v) = 74

c 47
pu(x') = PACa) (4.7)
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The Maxwellian solutions are thus:

M, y') = ¢i(y)
NQ(xlayl) = ﬁ
Ns(wi,yi) = ¢éc(x’) (4.8)
M) = e
1 >C s ¢3” > 1

The solutions (4.8) are associated to the macroscopic variables:

p= Pitdst gt

, o1 1 3
pU = (¢ - 3F) (4.9)
PV = s =)

So they are merely particular expressions of the unique maxwellian solutions of the model associated
to the macroscopic variables p, U and V defined by:

Nim = %(1+u+v)(1+u—v)
Nom = g(l—u—v)(l—u—i—v)
Naumr = %(1+u+v)(1—u+v) (4.10)
Nayn = Z(lfufy)(lJru*U)
U |4
u=- , v=—
c c
4.2 Non maxwellian solutions
For p*, p~, k and [ constant such that kp~ — Ip* # 0 a solution of (4.2) is given by:
k
N / / —
)= NGy
l
N3(23/, y’) = m (4.11)
, ZL'/ y/ k2 _ l?
/ _ — + s g v s
Mx',y') = coexp{Qs(kp —lp )(k l)}—‘rkp*—lp*
This solution is non maxwellian whatever p*, p~, k and | when kp~ — Ip™ # 0 as co is a non zero
scaling parameter. Moreover when p™ = p~ = p constant we have a solution given by:
Ni(z',y') = p + % [—c2 + cstanh (c1 + co’ + c3y’)]
2 2s(e - ca) (4.12)
! / / /
Ni(z',y') = Chi % @) [cs — ca tanh (c1 + caz’ + c3y')]

The fact that we have a maxwellian and two non maxwellian solutions for constant p™ and p~
shows the non uniqueness of the solutions of the system (4.2) in general.

5 Steady Flow in Box

We investigate in this section the flow of a discrete gas in a box in order to compute accommodation
coefficients. In the statement of a flow problem, in contrast to the boundary value problem (2.2) in
which they are assumed known, the boundary conditions ¢} depend upon the accommodation
coefficients which describe the interactions between the particles of the gas and those of the

10
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boundaries of the flow domain. The accommodation coefficients are unknowns of the problem and
classically one has to prescribe reflection laws to get additional relations for their determination
which is achieved only when the mathematical problem is solved [6, 12, 13].

We choose the reference quantities no = 2,/c1 and a respectively for the densities and the lenghts
and introduce the following dimensionless variables and parameters:

’ ’ _ ~ N ’ ~
e=2, y="Y, =2 Ku=(snoa) ', Ni= 11, ¢i =55, Q=% (5.1)

a’

The problem (2.2) is put in the nondimensional form:

zaf = 2 (M- Bl = (W)

Na gpe

87; = —eQ(N) 52
AN, ~ o

?7 = eQ(N)

N1(0,) $1(y)

Nao(ly) = ¢2(y)

]X3(x70) = ¢3(l‘)

Ny(z,€) $a(x)

The dimensionless macroscopic variables of the flow are the mean density p, the tangential velocity
u and the transversal velocity v given by:

p= Ni+No+Ns+Ni = p(n)+p (2)
pu = Ni—Np = 2N1—p"(y) (5.3)
pv = N3z — Ny = 2N3—p (z)

The Maxwellian densities of the model associated with the dimensionless macroscopic variables p,
u and v are:

Ny = é(1—&—u—&—v)(l—l—u—v)

Novy = Z(1—u—0v)(1—u+0)

& 3 (5.4)
sy = —(14+u+v)(l—u+v)

Naye = é(1—u—v)(1—|—u—v)

The microscopic densities of the discrete gas in Maxwellian equilibrium with a wall are the maxwellian
densities associated with 1, the tangential and transversal velocities of the wall. Assume that the
macroscopic velocity of the box is Uy, = (uw(,y), vw(z,y)). The microscopic densities of the gas
in maxwellian equilibrium with the box are:

- 1
Niy = le (1 + Uy +Uu)) (1 + Uy — Uw)
],\721M = 7(17uw Uw)(]-fuw*’vw)
N ¢ (5.5)
Nsy = %(1+uw+vw)(1—uw+vw)
Nay = Z(lfuw V) (1 4 Uw — V)

It is usually assumed when the exchanges of mass or energy of a gas and its surrounding only result
from the collisions of its particles with its boundaries that only the microscopic densities of the
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reflected particles are known near the walls [13]. We can compare these densities to those of the
fictituous gas in equlibrium with each wall and introduce the functions /;(y), ¢ = 1,2 and [;(z),
7 = 3,4 such that:

MO = Y04 w0(0,9) + 00(0,1) (1+ 10 (0,5) — 0 (0, )
M@w::b@a—waw—m@wu—wam+w@m
Na(2,0) = tla) (14 1w (2, 0) + v (2, 0)) (1 — i (z, 0) + vu(z, 0)) (>0
Ni(we) = l4§”) (1= (2, 2) — v () (1 + 100 (2, €) — 00 (1, 2))
Using the form (4.8) of the maxwellian solutions (4.5) we have
Ny EQ yi = &)
Nao(l,y =
No(2.0) 3%? (51
Ny(z,e) = 105 (@)

We can thus explicitly determine the functions lx, k = 1,3 which are given by:
“”::u+wmw+wmﬁﬁ}wmw—wmm
I e e e ) 58)
Io(z) = ¢3( )

[1 4+ ww(z,0) + ve(z,0)] [1 1— w(2,0) + vw(z,0)]

L@ = T (@) (@] [+ (@) — vu(2,9)

We introduce now reflection laws. We prescribe that particles of opposite velocities are reflected
with the same accommodation coefficients. That is:

Lhy) = l(y), Yy € [0,¢]
I3(x) = l(z), Vo €[0,1] (5.9)

We infer from these additional relations:

1 Tt (0,5)]2 =4 (0,1)2
oy = 7\/[ v (0.9)12—vw (0.4)2}

2V {l—ww (Ly)P =0 (1,9)2}
1 140w (2,0)]2 —uw (2,002 }
¢s(z) = 2\/ [1—vu (@,0)]2—uw (2,6)2 } (5.10)
Ly) = 3

VA (0,9)]1 =vw (0,1)2 H{1—uw (1)1 =0 (1,y)2 }
lg(.ic) = L

V{100 (2,02 =ty (2,002 H1—vw (2,6)]2 —uw (2,6)2}

The relations (5.11) give the boundary data ¢; in terms of the macroscopic variables of the box’s

walls. In fact the walls do not move freely as we assume in our computations. Thus when we take

into account the fact that for a solid box all the walls have the same constant velocity we have:
1=ty — V] [1— U +vw]

o1 = %\/
1+ Uy +vp | [1— Uy +v1]

[
[
_ [
b3 = (1=t —vu | (1Tt — v (5.11)
L = L

14t + V] [T+ Uw —vw]

\/[1+uw Fow][14+tw —vw][1—tw —vw][1—tw +vw]
1

ls = .
3 \/[1+uw+vw][lfuw+vw][17uw7uw][1+uw7vw]
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The accommodation coefficients are equal although the boundary conditions are different in this
more realistic case. Hence the microscopic densities of the reflected particles at the wall are
proportional to the microscopic densities of the fictitous gas in equilibrium with the wall correspon-
ding to those particles. As the coefficient of proportionality is the same we have the diffuse reflection
law of interaction [6, 13].

6 Conclusions

We show that the boundary value problem for the two dimensional Broadwell model has a bounded
solution. Only positivity and boundedness are assumed for the data. The solution is not unique.
Some exact analytic solutions are built. An application to the determination of the accommodation
coefficients on the boundaries of a gas flow in a box is performed. Exact analytic expressions of the
accommodation coefficients are given and the diffuse reflection law is obtained in a particular case.
The method is simple and it will be interesting to check its applicability to more complex discrete
models.
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