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Abstract

In this research, Emden-Fowler equations of higher order with boundary conditions are
considered and solved using Modified Adomian Decomposition Method (MADM). We defined a
new differential operator under two conditions: first condition when m < 0 and second condition
when m > 0. From this operator, we got three types of Emden-Fowler equations of higher order.
The new method is evaluated by using many examples, the results obtained through this method
reveal the effectiveness of this method for these type of equations, especially when comparisons
are made with the exact solution.

Keywords: Emden equations; Adomian method; boundry conditions.

2010 Mathematics Subject Classification: 53C25; 83C05; 57N16.

1 Introduction

We consider the Emden-Fowler equation of the type [1,2]
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m-+n m(n —1
"+ - Y+ (1:2 )y+g(w,y):0, (1)

where g(x,y) is a known function of (x,y), n > 1 and m will take two values when m > 0
under specific conditions and when m < 0 under specific conditions. Those conditions will be
discussed in details later. Such issues frequently appear usually in numerous ranges of science
and engineering. For instance, the emerge in fluid mechanics, quantum mechanics, chemical rector
hypothesis, geographics, and forth. If we examine (1), we can say that the main difficulty lies in
the singular behaviour that occurs at © = 0. The Emden-Fowler equation is regarded to be of great
importance in mathematics. Due to its great significance, several method were introduced to study
this equation such as Ramos [3] finding a series of solutions to nonlinear equations to solve the
Lane-Emden equation using Homotopy Perturation Method.

Wazwaz [4], Wazwaz and Rach [5], Wazwaz [6] had solved the Lane-Emden-Fowler equation
using Variational Iteration Method. In addition, there are other methods that have been
given to solve Emden-Fowler equation. For example, Chebyshev Neural Method by Mall and
Chakraverty [7], Haar Wavelet Quasilinearization Method by Singh et al. [8]. Radial Basis Function
Collocation Method, Radial Basis Function Differential Quadrature Method by Parand et al. [9].
Finite Element Method, Adomian Decomposition Algorithm by Hosson [10] and Adomian
Decomposition Method [11,12,13]. In [11] Wazwaz et al. had solved three types of Emden-Fowler
equations of fourth order with initial conditions. In [12] he had presented a reliable algorithm to
determine the solution of the generalized Emden-Fowler equation. In our study, we studied three
types of Emden-Fowler equations of higher order with boundary conditions using MADM.

The Adomain decomposition method (ADM) [14,15,16,17] has appeared in 1980s and was firstly
introduced by the American scientist Adomain George. This method has been proven to be efficient
and reliable in solving different attained by (ADM) converge to the exact solution. This method has
attracted the attention of various researchers and therefore was used by many mathematicians to
solve different kinds of equations, introducing many modifications on it seen in Biazar and Hosseini
[18], Hasan and Zhu [19]. We object in this study to solve various kinds of Emden-Fowler type
equations of higher order. We proposed a highly effective differential operator to solve different
types of Emden-Fowler equations.

2  Structure of Emden-Fowler Kinds Equations

It is significant to mention that the Emden-Fowler equation (1) was derived by using the equation

—ni n—m

e 2% W) +glzy)=0 (2)
The sense of (2) is used in order to derive the Emden-Fowler equations of different order.
T Pt W(y) +g(z,y) =0, (3)

where n > 1. To determine such different equations of higher order we set m to different values.

2.1 First kind for m # 0,n # 1,

m—+n m(n —1
D 4 ot ( )

T 2 y(k_l) + g(x, y) = 07 (4)

2.2 Second kind for m=0,

put m = 0 in eq.(3) obtains
n
y Y+ 2y g(ay) =0 (5)
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2.3 Third kind for m = —n,
put m = —n, in eq.(3) obtains

n(n—1
D ( )

v gy =0, (6)

3 Description of the Method and Its Application

Assume the singular boundary value problem of higher order ordinary differential equations as
eq.(4)
under the two conditions

1. When m< 0, we use the following condition
y(ao) = A,y (@) = B,y"(az) = C,..,y™ V(an) = D,y™(0) = E, (7)
where a,, # 0
2. When m> 0. we use the following condition
yao) = A,y (a1) = B,y"(a2) = C, ..,y " (an) = D,

y®(0) = E,y*V(0) = F, (8)

where g(z,y) is a known function and A, B,C, D, E, F are constants and n > 1,k > 1.
We offer the new differential operator as follows

d d o d*Y
-_-n xnfm m

Eq.(4) can be written as
Ly = —g(z,y). (10)
For the conditions (7),(8) we have the inverse operator L ™' respectively
L™ ') = / / // ™ / ™" /m" dzdzdz...dzdxdz, (11)
a a a a an —
o va1 Jaz n—1 3 0 (k11)
(k—1)
L) = / / / / xim/ :cmfn/ 2" dedzdz...dzdzdz . (12)
ag Jayp v az an 0 0 D
~—_———— (k+1)
(k—1)
By applying L™! on (10), we have
y(x) =~(z) = L (g(z,y), (13)
such that
Lx(z)) = 0.

The method by Adomian is given the solution y(z) and the function g(z,y) by infinite series

y(@) =Y ya(x), (14)
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and
o0

g(xvy):ZAnv (15)

n=0
where the elements y,(z) of the solution y(z) will be determined repeatable. Specific algorithms
were seen [14,16] to formulate Adomian polynomials. The following algorithm:

Ao = G(¥o),
A1 = 11G (yo),
Az = y2G'(yo) + %?ﬁG”(yo)’
Az = y3G' (y0) + 192G (o) + %y:fG"'(yo)y (16)

Can be used to build Adomian polynomials, when G(y) is any function. From (15),(14) and (13)
we have

> yn(@) =v(z) + L7 An. (17)

The component y(z) can be given by using Adomian decomposition method as follows

Yo = (),
Yns) = L7 An, >0, (18)
thus
Yo = ¥(z),
y1 = L' Ao,
ya = L7 Ay,
ys = L™' As, (19)

Using the equations (16) and (19) we can determine the components y, and therefore we can
immediately obtain series solutions of y(z) in (17). In addition, and for numerical reasons, we can
use the n-term approximate

n—1
n=0

in order to approximate the exact solution. The validity of the above presented approach can be
achieved through testing it on various types of several linear and non-linear differential equations
with initial value problems.

3.1 Examples on the first type of Emden-Fowler equations of n'”
order

In this section, we study many examples for different values of m. In example (1) we study the
equation of second order when m = —3,n = 2, in examples (2,3) we study the equation of third
order when m = 4,m = —4, respectively and n = 6, also in examples (4,5) we study the equation
of fifth order when m = 3, m = —3, respectively and n = 2.

Example.1 Substitute m = —3,n = 2,k = 1, in equation (4) we get

13
v'—y—- Sy-2"+y* =0, (21)
X X
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Exact solution is y(z) = z° .

Eq.(21) can be written as

Ly =a°—y?, (22)
where J J
_ 20 5ad _3
L=z P (),
and

L' 2553/ m75/ 2% () dxdz,
1 0

y= 2+ L% — L_lyg,

applying L~! on (22) we find

therefore
y = 0.977778 = + 0.0222222 2% — L™y, (23)

Replace the decomposition series y,(x) for y(z) into (23) gives

> yn(z) = 0977778 2° + 0.02222222° — L' A, (24)
n=0

yo = 0.977778 2 + 0.0222222 z°,

Yn+1 = 7L71Anan > 07 (25)

Ao =3,
A1 = 2yoy1,
As =45 + 29012,

Az = 2y1y2 + 2yoy3, (26)

From (25) and (26) we get
Yo = 0.97TTTTTTTT82” + 0.022222222222°,

y1 = 0.0215577 2> — 0.0212455 2% — 0.000310406 z** — 1.73273107° z'8,
y2 = —0.000641429 z° 4 0.000936828 2° — 0.000289919 z'* — 5.4430210 % z'®
—3.58005107% 2% — 1.06221 107 '° 2,
ys = —0.0000222338 2* + 0.0000382019 z* — 0.0000194251 2" + 3.38002 10 ° z'®
+7.63421107% 2*% + 6.64689 107 '° *® + 2.8181910™ "2 2* 4 5.65807 10~ ® 2,
y(x) = yo 4+ y1 + y2 + y3 = 0.998716 ° + 0.00187531 z° — 0.0005809 2* — 0.0000105558 :*®
—1.12143107 " &** — 7.70909 107 '° 2*® — 2.81819107 "% 2** — 5.65807 107 *° 2%,
Table 1 and Fig. 1 explain the convergence between (MADM) and the exact solution
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Table 1. Comparison of numerical errors between the right solution y = z* and the
MADM solution y = 3> _ yn ().

X Exact MADM Absolute error
0.0 0.000 0.000000000 0.000000000
0.1 0.001 0.000998716 0.000001284
0.2 0.008 0.007989730 0.000010270
0.3 0.027 0.026965500 0.000034500
0.4 0.064 0.063919100 0.000080900
0.5 0.125 0.124847000 0.000153000
0.6 0.216 0.215753000 0.000247000
0.7 0.343 0.342662000 0.000338000
0.8 0.512 0.511625000 0.000375000
0.9 0.729 0.728722000 0.000278000
1.0 1.000 1.000000000 0.000000000

Exact —— MADM ‘

Fig. 1. Comparison of exact and approximate solution curves for Example 1

Example 2. Consider equation:

" 10 4 20 , z .
+—Oy +—2y—224x+e4—ey:0, (27)
x x
with the conditions 1 1
L _ ” _
when m =4,n =6,k =2in (4),
in ADM operator form equation (27) becomes
Ly =224z — & + ¢, (28)

where
2d ad

J:_Giac —x
de” dx” dx

L) = /j z ! /Oz 2 /Oz 2°(.)dzda.

Taking L™ to both side of (28) and using the conditions we obtain

L() = ),

so, L™ is given by

14
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y(z) = L™ (224x — 614) + LY, (29)

Displace the decomposition series Y 7, yn(x) into (29) gives
> ya(z) = 0.00100232 — 0.00793651 2 + 2 — 0.0012987 27 — 0.00021645 2:*
n=0

+L7'A,, (30)

the ADM introduce the recursive relation
yo = 0.00100232 — 0.00793651 z° + 2* — 0.0012987 z° — 0.00021645 z'*,

Yn+1 = L_l(An)yn 2 07 (31)

then
yo = 0.00100232 — 0.00793651 z° + 2* — 0.0012987 z° — 0.00021645 z'*,

y1 = —0.00100309 + 0.00794447 z> — 0.000014712 25 + 0.0013 2" + 2.24542 1075 2°
—5.07938 107 % 2% 4+ 0.000216667 z'* — 2.89588 10~ ! z'2,
Y2 = 7.712191077 — 7.96898 10~ ¢ z® + 0.0000147415 ° — 1.3040110™° 2" — 5.5465 10~ z°
+5.0895710 ¢ 2'° — 217336107 " 2" 4 1.3538 10" 10 "2,

Thus, the approximate solution is
y(x) =yo +y1 +y2 = 8.70116 10" — 1.01093 10 2* + z* + 2.95108 10" % 2° — 1.6542510 % 2"

—3.3010910 % 2° + 1.0188710 8 2'° — 2.75709 10 % 2! + 1.06421 1071 22,

Fig. 2 shows a good approximate between MADM solution and exact solution.

| Exact MADM |

Fig. 2. Comparison of exact and approximate solution curves for Example 2

Example 3. Consider equation:

Y+ gy” - Z—Sy’ +32 4 —e¥ =0, (32)
A T
with the conditions 1 1 1 A
o) — rety " 0) =0
v(3) 16,y(g) 57 Y (0) =0,
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when m = —4,n =6,k =2 in (4),

rewrite eq.(32) as follows

where

so, L™! is given by

Ly =-32z — e+ eY, (33)

_.—6d 10d _4d
L=z d:cx dxx dx(.),

L_l(.):/ m4/1 :1:_10/ 2°()dxdz.
3 3 0

Taking L™ to both side of (33) and using the conditions we obtain

y(z) = L™ (—32z — ez4) + L', (34)

substituting the decomposition series >~ yn(z) into (34) gives

> yn(x) = 0.00106103 + 0.0238095 2 + 2 — 0.12756 2” — 0.00649351 2"
n=0

—0.000505051 2! + L' A,,, (35)

the ADM introduce the recursive relation

yo = 0.00106103 + 0.0238095 z° + 2* — 0.12756 2° — 0.00649351 =" — 0.000505051 z**,

Yn+1 = L_l(An)y n 2 07 (36)

yo = 0.00106103 + 0.0238095 2° + z* — 0.12756 2° — 0.00649351 2" — 0.000505051 ",
y1 = —0.00106249 — 0.0238348 * 4 0. z* 4 0.127562 2° + 0.000397247 2° + 0.0065004 2"
—0.000443386 2° + 6.06298 10~ " 2° + 0.0000247634 2'° + ... + 0. 2° log(z),
yo = 1.45763107° 4 0.0000253241 > + 0. z* — 2.64701 10 ° 2® — 0.00039809 2° — 6.90658 107° z”
+0.000443867 2* — 3.64809 10" ” — 0.000024816 z'° + ... + 0. z*® log(z),

The approximate solution by MADM is given by

y(x) = yo 4+ y1 + y2 = 2.7982210° 4+ 4.8087310 % 2® + 1. z* + 4.0124310 % 2° — 8.4378310" " 2°

—1.3114710" % 2" + 4.80432107 7 2® +2.4148910™ " 2° — 5.2599510 ' + ... + 0. 2'® log(x).

Example 4. Substitute m = 3,n = 2,k = 4, in equation (4) we get:

5 3 24 — 36z _
y® Sy 3 @ 247862 5y (37)
x x x
with the conditions
1 1 -2 1 -3
0) = 1 210:7 mely T4 1110:7 ////0:7
y(0) =1og2,4°(0) = 5,57 (5) = 5=y ()= ,y7(0) = =,
in an oprator form eq.(37) can be written as
24 — 36z _
Ly==—"¢ 5y, (38)
where 5
2d _41d 3d
_ 204 _1d 3d
Li)== dz”’ dz” dz® (),
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so, L1 is given by
L7'() :/ / / x_s/ 1:/ 2*(.)dxdz.
o Jo Ji 0 0
Taking L™ (38) and using the conditions we obtain

y(z) = 0.693147 + 0.5z — 0.08 z° + L71(24;¢675y), (39)

Replace the decomposition series Y oo, yn(x) into (39) gives

> 1,24 —
> yn(z) = 0.693147 + 0.5z — 0.082° + L 1(%14”), (40)
n=0
the ADM introduce the repetitive relation
yo = 0.693147 + 0.5z — 0.08 22,
Yns1=—L ' (An),n >0, (41)

yo = 0.693147 + 0.5z — 0.08 22,
y1 = —0.0449217 z* + 0.0416667 =° — 0.015625 " + 0.0060625 z° — 0.00231554 2° + 0.000853455 2"
—0.000301892 2® + 0.000102371 z° — 0.0000333048 z'° + ... +9.09044 10~ " &2,
y2 = 0.0000778897 2 + 0.000187174 2° — 0.000288221 z° + 0.000259743 2" — 0.000179296 z°
+0.000104691 z° — 0.0000542495 % + ... + 4.65124 107 % "3,

The approximate solution by MADM is given by
y(x) = yo 4+ y1 + y2 = 0.693147 + 0.5z — 0.1252° + 0.0416667 z° — 0.015625 2* + 0.00624967

—0.00260376 z° + 0.0011132 27 — 0.000481188 z® + 0.000207063 z° — 0.0000875543 *°
+...4+5.56029 10~ ¢ z*3

Take notice, the exact solution y(z) = In(z + 2) can be written in a series form as
y(z) = 0.693147 + 0.5z — 0.1252> + 0.0416667 z° — 0.015625 z* + 0.00625 z°

—0.00260417 z° + 0.00111607 " — 0.000488281 z® + 0.000217014 z° — 0.0000976563 z*°
+... 4+ 9.39002 1076 213,

Example 5. Substitute m = —3,n = 2,k = 4, in equation (4) we obtain:

1 12(—2—z+24%) _
y® = Ly 3o 2R ey (42)
x x x
with the conditions
1 -1 2 -3
:1 2 ’ — = " - _ - 1" 1 - = " — _°
y(0) =log2,y(0) = 5,47 (0) =y (D)= 5,9 (0) = +,
note that the exact solution is In(z + 2),
in an oprator form eq.(42) can be written as
12(—2—z +22%) _
Ly 2(2-at207) sy (43)

2
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where
*Qifix*?’dig( )
dz” dx dz3*’

L) = /Ox /Ow /096 2 /lw z° /Ome(.)d:rdx.

Taking L™ to (43) and using the conditions we obtain

L() =

so, L™! is given by

y(z) = 0.693147 + 0.5z — 0.1252° + 0.000617284 z°

_9 _ 2
e A ) (44)

Replace the decomposition series Y oo yn(x) into (44) have

> yn(@) = 0.693147 + 0.5z — 0.125 2" + 0.000617284 z°
n=0

24 — 36z

+ L7 — An), (45)

the ADM introduce the recursive relation
yo = 0.693147 + 0.5z — 0.125 z° + 0.000617284 z°,

Yn+1 = —L_l(An),” >0, (46)

yo = 0.693147 + 0.5z — 0.125 2> + 0.000617284 z°,
y1 = 0.0416667 z° — 0.015625 " + 0.00625 2° — 0.00346015 2° 4 0.00146949 =" — 0.000581287
4+0.00022935 z° — 0.0000878734 2'° + ...,
y2 = —0.000353423 " + 0.000093006 z° + z° (—0.0000107847 — 1.1533510" " log(x))

+2'? (~0.0000116657 + 1.05964 10" log(z)) + z° (0.000189275 + 0.000325521 log(x)) + ..,

The approximate solution by MADM is given by
y(z) =yo + y1 + y2 = 0.693147 + 0.5z — 0.125 2% +0.0416667 z° — 0.015625 =* + 0.00625 z°
—0.00265359 z° + 0.00111607 2" — 0.000488281 z° + 2° (0.000218566 —1.1533510"7 log(a:)) + ..

Take notice, exact solution y(x) = In(x + 2) can be written in a series form as

y(x) = 0.693147 4 0.5z — 0.125 2% + 0.0416667 2° — 0.015625 z* + 0.00625 °
—0.00260417 z° + 0.00111607 2" — 0.000488281 z®
+0.000217014 2° — 0.0000976563 2'° + ...

As noticed in examples 4 and 5, the solution using ADM converges towards the exact solution with
minor frequencies, which indicates the efficiency of the ADM as a method to solve those types of
problems.
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Exact MADM |

Fig. 3. Comparison of exact and approximate solution curves for Example 3

3.2 The second type of Emden-Fowler equations of n'* order

The second Type of Emden-Fowler Equations of n!* Order is
y "+ 2y ® 4 g(a,y) = 0

y(ao) = A,y (a1) = B,y" (a2) = C, ... y* P (an) = D,y™(0) = E.

Rewrite eq.(47) as follows

Ly: _g(xvy)7
where .
nd ,d°
Ly==x %I W(y%
and

L_l(.):/ / / / /x_n/ z" dzdzdz...dxdrdz .
—_—
ag Jay Jaz ap—1 Yan 0 (ot 1)
(k)

By applying L™' on (48) we have

y(x) = v(z) = L g(2,y),
where (z) come out from using the conditions.
We will give thre examples on this kind of equations.
Example 6. Substitute k = 2,n = 10, in eq. (47) we have

"

10 20
+—y = (142" + = —y) =0,
x x
y(0) =1,9'(1) = 2,5"(0) = 2.
And y(z) = 14 22 is the exact solution.

Eq.(50) can be written as
2
Ly=1+x2+;0—y,

(48)

(50)

(51)
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where

and

Using L™" on eq.(51), we get

Replace the decomposition series y, () for y(z) into (52) gives

y(x) = L7148 + %) — L™ 'y,.. (53)
n=0

_ 20
yo=L 1(1+x2+;)7
Yn+1 = _L_l(yn)yn Z O, (54)

then
yo = 1+ 2° — 0.0646853 = 4 0.0151515 2° + 0.00384615 z°,

y1 = 0.0631393 £ —0.0151515 2° +0.000449204 z* —0.00384615 z° —0.000036075 2° —4.29258 10 ° 2%,
y2 = 0.00150778 = — 0.000438467 z* + 0.000036075 z° — 7.1302210 " " + 4.29258 107 % z°
+2.9473110% 2 + 2.05387107° z*!,
y3 = 0.0000372946 2 — 0.0000104707 z* + 6.9598 107" " — 2.9473110 % z” + 4.4013710 ' 2'°
—2.0538710 % z'* — 1.1164 10" " ' — 5.12954 10 ** 2!,

y(x) = yo+y1+y2+ys = 14+2°—9.4724 10 " 24+2.65568 10" ' —1.7041710° 27 +4.40137 10 ** z*°
—1.116410" " 2'? — 5.12954 10 ** .

Fig. 4 offer the comparison between MADM solution and exact solution.
an |
&l |

a0

Exact MADM |

Fig. 4. Comparison of exact and approximate solution curves for Example 6
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Example 7. Substitute k = 3,n =1, in eq. (47) we have

1
y P+ —y® —a8—a® 47 =0, (55)
o /171 //171 "
v =Ly (5) =5y (5 =3y (0)=0

And y(z) = z* is the exact solution.

Eq.(55) can be written as

Ly =48 +2® — %, (56)
where s
1 d d
L()=a'—z-—
() =o' =),
and

L) = /1:lc /; /j ! /Oxx(.)dxdxdmd:c.

2 6
Using L™" on eq.(56), we get
y(x) = L7 (48 + %) — L™ 'y°. (57)

Replace the decomposition series y,(x) for y(z) into (57) gives

3 y(z) =L ' (48 +2%) — L7 'A,. (58)

n=0
yo = L1 (48 + 2%),
Y1 ==L (An),n 20, (59)
where A,, are Adomian polynomials of nonlinear term 32, as follows
Ao = Z/(z)y

A1 = 2yoy1,
Az = 2yoya + y3, (60)

From (59) and (60)
yo = —0.0000753137 — 4.43809 10"  — 8.26909 10~ ** 22 + z* + 0.0000757576 2,

y1 = 0.0000752447 + 4.39215107 " = + 5.75308 10~ ** 2% — 1.1817107 % z* — 3.71388 107 ** 2°
—4.36296 10 % 2° — 6.99028 1072 27 + 7.4716 10" 2® + ... — 1.12301 10~ ** 2%,
Y2 = —6.88768 107% — 4.55044 10" ° z — 5.44271 10" % 2% — 2.36123 10" ° z* — 7.38591 1073 °
—8.5617810 1925 — 1.17813107 " 27 + 7.4647510 % z® + ... — 5.09824 10~ % z**,
y(x) =yo+y1 +y2 = —1.37876 107 —9.1446310 % = — 3.0602710 ' 2® + 1. z* — 1.10998 10 % z°
—1.29247107 "% 2% — 1.87716 107" 2" + 1.4936310™ " 2® + ... — 5.09824 102" z**,

Fig. 5 offer the comparison between MADM solution and exact solution.
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UM

=1 3

a0

Exact

MADM |

Fig. 5. Comparison of exact and approximate solution curves for Example 7

Example 8. We assume the Emden-Fowler type equation

3
Y+ Sy - 16¢”” (30 + 752 + 362" + 42°) = 0,
1 1 1 1420 1
y(0) = 1,y/(0) = 0,5/ (1) = 6e,y/" () = Tek 5" (3) = +0eh 4" (0) = .

Note that y(z) = ¢®” is the exact solution.
In an operator form eq.(61) can be written as

z? 2 4 6
Ly =16e” (30 + 752" + 36z~ + 4x”).
Where s
_3d d
L()y=z322—(.
() =2 2o (),
and

L_l(.):/ / / / / x_s/ 2°()dedrdrdedzds.
o Jo J1 Ji Ji 0

Using L™ to both side of eq.(62), we have

y(x) = e,

example (8) shows the ability of our method in the finding of the exact solution.

3.3 The third Type of n'* Order
The third Type of n*" Order is

YD n(n —1)

v ey =0

y(ao) = A,y'(a1) = B,y"(az) = C, ... y"* " V(an) = D,y (0) = E,
where a, # 0. Eq.(59) can be written as

Ly = —g(z,y),

(62)

(63)

(64)
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‘Where )
nd ond _, d"T
L) =2 " 5 e O

and inverse operator

L) ://// x”/”xf%/. 2" (.) dedzdz...dedzd .
ag vay Jaz An—1 an 0 N

(k+1)

(k—1)

Applying L™* on (60)
y(@) =~(z) = L™ g(z,y), (66)

where v(z) come out from using the conditions.
we will study three examples on this kind for different order
Example 9. Substitute k = 1,7 = 2, in eq. (64) we have

1 2 2 .

Y —ﬁy+(1—|—x—2)smx20, (67)
y(1) =sinl,y'(0) = 1.

Note that y(z) = sinz is the exact solution.

In an operator form eq.(67) can be written as
2.
Ly = 7(1+§)smx. (68)

Where J J
_.—20 40 _o
L()==z 2% Tt (),

L™ ') =2" /Ozx—‘* /O 2*()dxd.

Using L™" to both side of eq.(68), we have

and

y(z) = sinzx, (69)
in this example, we get the exact solution.

Example 10. Consider equation:

a

6
Y fﬁy/+12+ngy3:0, (70)

L b Ly 3 oy
y(g)— 27,y(z)— 1Y (0 =0

When k = 2,n = 3, in eq.(64), and y(z) = 2 is the exact solution.
We can write eq.(70) in an operator form as follows

Ly =—-12 — 2° + 4, (71)
where

3d ¢gd _3d
—r’ —

Li)== dz” dz” dac(')7
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and " " ”
L '()= / m3/ x_G/ 2% ()dzdrde.
LT
Applying L™ to eq.(71), we get
y(x) = —1.14418 1077 4 z° + 9.39002 10~ % z* — 0.000801282 > + L™ "4/°. (72)

Replace the decomposition series y,(x) for y(z) into (72) gives

oo

> y(z) = —1.144181077 + 2° 4+ 9.3900210° z* — 0.000801282 z**

n=0

+ L7 A, (73)

yo = —1.14418 107" + 2® + 9.3900210~° z* — 0.000801282 "2,
Ynt+1 = _Lil(A")Jl >0, (74)
where A,, are Adomian polynomials of nonlinear term y?, as follows
AO = ygy

Al = 3ygy17
Az = 3y5y2 + 3yiyo, (75)

Substituting (74) into (75) gives the components
yo = —1.14418 1077 + 2® +9.3900210 % z* — 0.000801282 =2,

y1 = 1.144191077 4 1.24827 10~ %2 z* — 9.39007 10~ ® 2* + 4.67557 107 ¢ 2°
+2.19518 1072 27 — 7.627910 % 2° — 9.767210 P 2'° — ... — 9.42244 107 *° z*,
Y2 = —5.62238 1071 — 3.74482107 %2 z° + 4.3273710" ' 2* — 9.35118 107 ¢ 2® — 6.58558 102" &7
+7.62794107 1 2° + 19534510 2% 4 ... — 6.61981 102 z°°,
y(x) = yo+y1 +y2 = —4.7854110 ¥ +1.2° +4.17001 10 ' 2* — 4.67561 106 2° — 4.3904 102" 27
+3.74822107 % 2° + 97672910 % 4 ... — 6.61981 10 2® 2°°,

Exact MADM

Fig. 6. Comparison of exact and approximate solution curves for Example 10
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Example 11. Substitute k = 7,n = 5, in (64) we have

20 20, .
RPN PS NN SC) VS ST SUN ) PS S SR () I SR SN ) DN (o DA
y(0)=1,4(0) =1,y (g)—eny (5)—6 VY (Z)—e VY (g)—e (1) =e,y07(0) = 1.

And y(x) = e” is the exact solution.

We can write eq.(76) in an operator form as follows

Ly=(1- i—g)ez —z + Ilny, (77)
where .
od wd _sd
L()=a 32025
()== dz”’ dz” dwﬁ()’
and

L_l(.):/ / / / / / x5/ x_lo/ 2°()dedrdrdrdrdrdedz.
o oo Sy T Tl

Applying L™ to eq.(77), we get

y(x) = " +1.1526910 % 2> —1.1297107° 2® — 1.26963 10" z* —1.12696 10" z° +1.18103 10 ° z°
— 21473210 " 2" + L™ Iny. (78)

Replace the decomposition series y,(x) for y(z) into (78) gives

oo

> ylx) =€ +1.1526910 ° 2% — 1129710 °2® — 1.26963 10 " 2" — 112696 10" " 2°
n=0
+1.1810310 % 2° — 2.1473210" "z + L7' A,,. (79)
yo =€ 4+ 1.1526910 % 2% — 1.1297 107 % 2* — 1.26963 107 *° z* — 1.12696 10~ " 2° + 1.18103 10 ¢ 2°
+1.1810310 % 2 — 2.14732 107" &*!,
Yn+1 = —L ' (An),n >0, (80)
then
Yo = e +1.1526910 % z® — 1.129710 % 2® — 1.2696310 "% z* — 1.12696 10" 2° + 1.18103 10 ¢ 2°

—2.14732107" 2z,
g1 = —1.15269107%2% 4+ 1.1297107° 2® 4+ 1.26965 10 '° 2* + 1.12696 10" ° — 1.18103 10 ° &°
—9.5294910" " ' 4 ... — 7.6238310 " z'* log(x),

yo = 1.76299 10 *2* — 1.7244710 "% 2® — 1.41747107*° z* — 1.50093 10 ** 2°
+9.5294910 " 2% 4+ ... +7.62383107 " z'! log(x),
y(@) = yo+y1 +y2 = e” 4+ 1.7629910 ¥2? — 1.7244710 "% 2°1.70921 10" 2* — 1.50093 10 ** z°
—2.1473210" " 2", (81)

Propagation equation (73) using Taylor series of order 10 we obtain
y(z) = 14+2+0.52% +0.166667 2° + 0.0416667 * +0.00833333 2° + 0.00138889 2° + 0.000198413 2.7
4+0.0000248016 z° + 2.75573 10 ° 2° 4+ 2.7557310 " 2'°,

and the exact solution y(z) = e” by Taylor series of order 10 is
y(z) = 1+240.52> +0.166667 2° +0.0416667 z* 4+ 0.00833333 2° +0.00138889 2° + 0.000198413 27
+0.0000248016 2° + 2.75573 10 ° 2” 4+ 2.75573 10" 2'°.
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4. Conclusion

In this article, we offer a new method for solving different kinds of Emden -Fowler equations of
higher order with boundary conditions by applying a suggested modification of ADM. The results
obtained using the presented method were very accurate compared to some modifications made on
the ADM, and very close to the exact solution as we noted in the illustrative examples. Moreover,
the exact solution was obtained several times as in the examples (8,9). Figs. 1-6 show that the
approximate solution curves match favourably well with the exact solution curves. The MADM was
able to solve these type of equations that the standard of the ADM could not solve.The numerical
and graphical results depict the efficiency and accuracy of the proposed method.
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