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1. Introduction

The classical or the usual convexity is defined as follows: A function f: 0 # I C
R — R, is said to be convex on I if inequality

flr+ (1 —t)y) <tf(z)+(1-1t) fy)
holds for all z,y € I and ¢ € [0,1]. A number of papers have been written

on inequalities using the classical convexity and one of the most fascinating
inequalities in mathematical analysis is stated as follows

f(““’)s ! jf@)dmw 1)

2 b—a 2 ’

where f: I CR — R be a convex mapping and a,b € I with a < b . Both the
inequalities hold in reversed direction if f is concave. The inequalities stated in
are known as Hermite-Hadamard inequalities. For more results on (I}) which
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provide new proof, significantly extensions, generalizations, refinements, coun-
terparts, new Hermite-Hadamard-type inequalities and numerous applications,
we refer the interested reader [II, [2 3] 4] and the references therein. Many re-
searchers extend their studies to Hermite-Hadamard type inequalities involving
fractional integrals not limited to integer integrals. The usual notion of convex
function have been generalized in diverse manners. Some of them is the so called
harmonically s-convex function and harmonically convex function is stated in the
definition below.

Definition 1.1. [5]A function f: I C (0,00) — R is said to be harmonically-
s-convex function if

) s s
f(ta:ﬂlt)y) <tf(y)+(1-1)" f(2)

holds for all z,y € I and t € [0, 1], and for some fixed s € (0,1].

In [6], Iscan gave definition of harmonically convex functions and established
following Hermite-Hadamard type inequality for harmonically convex functions
as follows:.

Definition 1.2. [6] A function f: I C R\ {0} — R is said to be harmonically-
convex function on I if

zy
(o) st w+0-07@

holds for all z,y € I and t € [0, 1]. If the inequality is reversed, then f is said
to be harmonically concave.

Proposition 1.3. [6] Let I C R\{0} be a real interval and f : I — R is function,
then:

if I C (0,00) and f is convex and nondecreasing function then f is harmonically
convex.

if I C (0,00) and f is harmonically convex and nonincreasing function then f is
convex.

if I C (—00,0) and f is harmonically convex and nondecreasing function then f
is convex.

if I C (—00,0) and f is convex and nonincreasing function then f is harmoni-
cally convex.

For the properties of harmonically-convex functions and harmonically-s-convex
function, we refer the reader to [Bl [6, [7, 8 [OL M0, 11, 12, 13, 14] and the
reference there in. Most recently, a number of findings have been seen on
Hermite-Hadamard type integral inequalities for harmonically-convex and for
harmonically-s-convex functions.

Definition 1.4. A function g : [a,b] C R\{0} — R is said to be harmonically
symmetric with respect to 2ab/a + b if

g<x>=g(3l+11—;>
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holds for all z € [a, b].

Definition 1.5. Let f € L[a, b]. The right-hand side and left-hand side Hadamard
fractional integrals J, f and Ji f of order a > 0 with b > a > 0 are defined by

x

T fx) = ﬁ / (x— 0 f(O)dt, > a,

a

b

/(t — o) f)dt, z < b

x

JE (@) = ﬁ

respectively where I'(a) is the Gamma function defined by I'(a) = [e~tt*~!,
0

0. (@) = J0f () = f(a).

Theorem 1.6. [5] Let f : I C R\{0}— R be a harmonically convexr function
and a,b € I witha <b . If f € Lla,b] then the following inequalities hold:

b
2ab ab f(z) fla) + f(b)
f<a+b>§b—a x? = 2 '

(2)

In [10], Iscan and Wu represented Hermite-Hadamard’s inequalities for harmon-
ically convex functions in fractional integral form as follows:

Theorem 1.7. [10] Let f : I C Rt — R be differentiable on I°, and a,b € I with
a<band f € Llab]. If f is harmonically-convex on [a,b], then the following
inequalities for fractional integrals hold:

2ab Dla+1) (ab \“ | Jiy,-(foh)(1/b)
(afs) < "9 () { I3y (Foh)(1/a) }
fla) + 1)

pot o, (3)

IN

with a« > 0 and h(z) =1/x.

In [I2], Chan and Wu represented Hermite-Hadamard-Fejér inequality for har-
monically convex functions as follows:

Theorem 1.8. Suppose that f : I C R\{0} — R be harmonically-convex
function and a,b € I, with a < b. If f € L[a,b] and g : [a,b] C R\{0} — R
is nonnegative, integrable and harmonically symmetric with respect to 2ab/a +
b,then

(2 [ e < [ eSS0 [ty
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In [8], Iscan and Kunt represented Hermite-Hadamard-Fejér type inequality for
harmonically convex functions in fractional integral forms and established fol-
lowing identity as follow

Theorem 1.9. Let f : [a,b] — R be harmonically convex function with a <b
and f € Lla,b]. If g : [a,b] — R is nonnegative, integrable and harmonically
symmetric with respect to 2ab/a + b,then the following inequalities for fractional
integrals hold:

F(255) o taomn + e o 00 /0)] )

< [Tta- (g o MYA/H) + T3y (Fg 0 h)(1/a)]

T IO [ go (g0 R/ + e (g h)(1/a)]

with & > 0 and h(z) = 1/z, z € [§,2]. In [2] D. Y. Hwang found out a new
identity and by using this identity, established a new inequalities. Then in [14] L
i§can and S. Turhan used this identity for harmonically convex functions and ob-
tain generalized new inequalities. In this paper, we established a new inequality
similar to inequality in [I4] and then we obtained some new and general integral
inequalities for differentiable harmonically-convex functions using this lemma.

<

The following sections, let the notion, L (t) = m, Ut) = mf(%t)b and
H = H (a,b) = 24%.

2. Main result

Throughout this section, let ||g||, = sup,e[q 4 [9(2)|, for the continuous function
g : [a,b] — R be differentiable mapping I°, where a,b € I with a < b, and
h:[a,b] — [0, 00) be differentiable mapping.

Lemma 2.1. Let f : I C Ry = (0,00) — R be a differentiable function on
I°, a,b € I° with a < b. If h: [a,b] — [0,00) is a differentiable function and
1’ € L([a,b]), the following inequality holds:

(F5 70 hia) - o

b—a f [W(L®) (L) + KU ) (U)]

+
dab < [F(L(E) + FU )] dt
Chea [ (B(L(8) — AU (®) + h(b)
" 4ab 0

x [~ o) + row) o)) d
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Proof. By the integration by parts, we have

I - / (B(L(E) — h(U (1) + h(B)] d (F (L)
_THE) ~ WU + B0 £ (0
- / FLW) IW(LO)L (1) — B U ()] dt
J
— ha)f(a) — hD) () - / FL) I (LO)L (1) - KU ()] de
and O
L - / L) - h(U () + REd(f UD))
_ (EIZ<L<t>> ~ BU®) + B T O
- [fwe o - oo
J
— h(@) () — (e () - / FU@®) (L0 — KU @)U (@) dt
Therefore O
B (HORI0Y ) s
oo f [reo eersrwmon?] |,
ab { L XU + S de } v
This complete the proof. 0

Theorem 2.2. Let f : I C Ry = (0,00) — R be differentiable function on
I°and a,b € I° witha <b. Ifh: [a,b] — [0,00) is a differentiable function and
|f'| is harmonically convex on [a,b], the following inequality holds

(L) hia) - s 25 )

+% [/bf(x)h’(x)dfv-l-/bf(m)h/(Qx}I_xH) <2ijH>2dm]
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% [G1(a,0) |/ (0)] + Gala, b) |/ (HD)| + Ca(a, ) |/ (8) ]

=~ dab
where

Gi(a,b) = /t(L(t))th(L(t))*h(U(t))Jrh(b)ldt, 9)

0
G(a,b) = /(1—t)|h(L(t)) — h(U(t) + h(b)] [(L(1))* + (U(1))*| dt, (10)

01
Glab) = [HUE) IMLE) - HU©) + ho) dr (11)

0

Proof. We get the following inequality take the absolute value to @:

(f(a)+f(b) 2ab
2 a+b

4| Jromees [ >h/<2waH>(2zHH)2dw
< {/m )+ h(b)

(UwMUwa%~

) (12)

)mw—hwv<

(L) (L) |t

/ Ih(L )+ h(b)

Since | f’| is harmonically-convex on [a, b] in (12)), we have for all ¢ € [a, b] that

Fla) + () 2ab
(2 ) hw) - nins (225 (13)

+3 [/bf(x)h’(x)dx+/bf(x)h’(2xH_xH) (%ffH)de

1
gﬁ@;{/mua»—mvwwummuwmn+a—QUWﬂMwaﬁ
0

+/|h(L(t)) = (U @) + h®)| [t (O)) + (1 =) [/ (H)]] (U(t))2dt},
0

this proof is completed. O



Some new hermite-hadamard-Fejér type inequalities for harmonically convex functions 25

Corollary 2.3. Suppose that g : [a,b] — [0,00) is a continuous positive map-

ping and geometrically symmetric with respect to 222 (i.e. g(z) =g ( 1 1)

a-+b %+%,
holds for all x € [a,b] with a <b). Taking

h(t) =//[(x - ;) ; (1 —x)] (90 ¢) (@)da

1/tel,,a>0and p(z) =1 in Theorem we get

HJ{X/H (fgo)(1/a) la/a, (fgop) (1/[))] (14)
-1 (25 [ o) )+ - o) (10|

(b—a)** gl
2(ab)o+1T (o + 1)

< [C1 () [f (@)l + C2 () [/ (H)| + Cs () [ £ (B)]]

where

=

1+t 1-t¢

i@ = =g bl remra,

o
—

G = [ - e a-o [eor+ wor] .
) = [ - | iwwra
0
1/a 1 a—1
Proof. 1If we write h(t) = { [(w—%)a_ +(1-2) }gogp(m)dm forall 1/t €
1/t

[+, 1] and ¢(z) = 1/ in (L3), we have

JI7 e o
() ety

e | (2-o) o (1) ] 2|
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From g(x) is harmonically symmetric with respect to x = 2ab/a + b, we get

S ]
2 J [ -2y

I'(«a) th/zﬁ (fgop)(1/a)+ JIO‘/(r (fgo ) (l/b)}
Jf/b+g op(l/a) + Jf‘/a_g o 90(1/6)} ¥ (%) .

S. Turhan, 1. i§can

f@)g(@) .

22

2ab

—I'(a)

On the other hand, right side of inequality

_|_
o _

Where

and

o _

1/a a1 a1
J G-+ @= ) gop) (@)da
1/L(t)
1/a o1 a1
_ [;fx) +(z—1) ](gocp)(z)dx Adt
1/U(t)
1/a a1 a1
+ [ [G=0)" + =) 9o ) (@)da
1/b
1/a a—1 a—1
[ G-+ @=9)" gor) @)da
1/L(t)
1/a a1 a1
— [(i—x) +(x-1) ](gogp)(m)dm Bdt S .
Y

A=[tf'(a) + (L= t)f'(H)] (L(t))*

B = [tf'(b) + (1 — ) f ()] (U(1))®

Since g(z) is symmetric to = 2ab/a + b, we have

1/a

+ [ [E=0)" T+ -5 o) (@)da

[ G-+ =D ow) @)
1/L(t)

1/a a1 a1
- f [l—x) +(z—3) }(gosﬁ)(ff)dx
Ve

(16)

(17)
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— 71 [(ix>a1+ <x2>a1] (goy) (z)dx

1/L()
1/U(t)

+ / [(i — x)al + (x - 2>a1] (g o) (v)dx
1/b

and

_ /7 l(l—x)—l- (x—2>] (go¢)(@)dz  (18)

for all t € [0,1] and ¢(z) = 1/z. By (15)-(18), we have

[Ja+ (f9) (0) + Ty (£g) (a)] = [Jg+ g (b) + Ty~ g (a)] f(

1
b—a /
- 2abF
0

2ab
a+b

Y= DT o w) @)da

|

(l

1/L(t)
)+ (1= ) f/(H)] (L) dt
i 1? [(l - x)Oﬁl + (:z: - l)afl} (go ) (z)dz
+ / yiw - ’ ,
0 [tf'(0) + (1 —t)f'(H)] (U(t))" dt

1 /a a—1 a—1
b—a oo % —x +(z-1 dxr
= ( 2abf)‘ggé|) {/ <1/LL[<t) {( ) ( b) } )
0 [tf/(a) + (1 — t) f/(H)] (L(t))* dt

1 1/a a-1 1ya-1
T G ) }
0 [t£/(b) + (1= ) f ()] (U(¢))* dt

In the last inequality, we calculate

YT ot 1\ (b—a)~ T+6\*  [1—t\"

: =z do = R 5.

/K x) *(m b) ]”” a(abw{ (2)*(2)]
1/L(t)

(20)

A combination of (19 and (20)), we have (14). This complete is proof. O
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Corollary 2.4. In Corollary (DIf we take « = 1, we obtain following
Hermite-Hadamard-Fejér Type inequality for harmonically-convex functions re-

lated to :

b

b
(b_ a)2 / / ’
= 5 (ab)? llgll o [Ci(1) | f" ()| + Co(1) | (H)| + C5(1) | f* (b)]]

where

Ci(1) = [t(1—1t)(L(t)*dt

)

Cs3(1) = t(1—1t)( 2 dt.

[
(1) = {1t () + (U (1)?] .
[

(2)If we take g(x) = 1, we obtain following inequality is related to:

e [Tt (Fo ) 1)+ T (T ) 1/0)] = £ ( 225 )]

a+b
1 [C1(@) |f'(a)| + Ca () | (H)| + Cs (a) | £/ (B)].- (22)

(8)If we take g(x) = 1 and o = 1, we obtain following inequality is related to

|14)):
f:z: 2ab
b—a/ < +b>

< o )00 ()17 (@)] + Co (1) (D) + Cs (D |7 D))

Theorem 2.5. Let f: I CR; = (0,00) — R be a differentiable function on
I°, a,b € I° with a < b. If h : [a,b] — [0,00) is a differentiable function and
|£/|* is harmonically convex on [a,b] for ¢ > 1, the following inequality holds

<f(a) ; f(b)) b/ (fibb) (24)

[/f da:+/f(x)h'(2$H_mH) (Qx}_IH)de]

a

(23)

NJ\)—I
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- (J meacen - ey +nwar) =
< 1
~ 4ab } (Ih(L(t)) — h(U(t)) + h(b)]) 2\
o % (HE@P @I + (=0 (L) (1))
v (e -roe) +rola)
} (IM(L(t)) = h(U(t)) + h(b)]) » i
b < (HO@ 1O + (=0 © @) |7 m))

Proof. Continuing from in proof of Theorem the power mean inequality
and using the fact that | f’|? is harmonically convex on [a, b], we get the required
result. This completes the proof of the theorem. O

Corollary 2.6. Let g : [a,b] — [0,00) be a positive continuous mapping and

harmonically symmetric with respect to 2ab/a+b (i.e. g (;+i_;> = g(x) holds
a b x
for all x € [a,b] with a < b). If we take

h(t) = 1//a[<x — Z)al - (Cll - x) al] (g0 ) (z)dz

1/t

,t€la,b], p(z) =1L in Theorem 6, we obtain

|[Ter (F909) (1/a) + T, (Fgo ) (1/0)] (25)
1 (225) i o0 0/ + 35 o) 170

(-0 gl [, 4 270
2(ab)**II (a + 1) a+l a+1

[C1(a,q) |f'(@)|" + C2 (a, @) [ F (H)|" + C5 (e, 0) | £ (B)]"]
where for ¢ > 1

<

Q=

Oy (ng) = / 1—(12”)a+(1;t)a (L)
0

Cr(arg) = / = () = () Ja-o (e ow)a
0

Cy(arq) = ] 1—(1§t>a+(1;t>a U (6) dt
0
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Proof. We use the equality of Corollary 1 and in Theorem
|50+ (P90 9) (1/a) + Jg)0- (Fgo ) (1/0)] (26)
1 (225 [t o0 )+ 5, (00 1/0))
_ b= gl e

2(ab)+1T (a + 1)

i [1— (49" + (59"
M(WWNW(FMWWWWMﬁ

2
" 1= (5" + (39)°] Y
b (L@ e+ - o)
(b~ )™ Jlg 2 2e]
2(ab“+1f(a+1)[ a+1+a+1} x

1 1 (57 + (59 x E
*Q[uwwu|<tﬂ@>wnﬂ@
By the power-mean inequality (a” +b" < 27" (a +b)" for a > 0,b>0, r<1),
we have

_b-a gl [, 4
~ 2(ab)* 1T (a4 1) a+l a+1

0

) ﬂ%%fﬂ%ﬂumﬁw>
xp(ﬂlcw+uwm1w( )
+ t

(29)
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< O (0 (g P @I+ Co (L) P D)+ Gy (L) [P )]

This proof is completed.
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